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ON PSEUDO-HYPERKA¨HLER PREPOTENTIALS
CHANDRASHEKAR DEVCHAND AND ANDREA SPIRO
Abstract. An explicit surjection from a set of (locally defined)
unconstrained holomorphic functions on a certain submanifold of
Sp1(C)×C
4n onto the set HKp,q of local isometry classes of real an-
alytic pseudo-hyperka¨hler metrics of signature (4p, 4q) in dimension
4n is constructed. The holomorphic functions, called prepotentials,
are analogues of Ka¨hler potentials for Ka¨hler metrics and provide
a complete parameterisation of HKp,q. In particular, there exists a
bijection between HKp,q and the set of equivalence classes of prepo-
tentials. This affords the explicit construction of pseudo-hyperka¨hler
metrics from specified prepotentials. The construction generalises
one due to Galperin, Ivanov, Ogievetsky and Sokatchev. Their work
is given a coordinate-free formulation and complete, self-contained
proofs are provided. An appendix provides a vital tool for this con-
struction: a reformulation of real analytic G-structures in terms of
holomorphic frame fields on complex manifolds.
1. Introduction
This paper is about a parametrisation of local isometry classes of real analytic
pseudo-hyperka¨hler metrics on 4n-dimensional manifolds. This parametrisa-
tion is surjective onto the space of local isometry classes and it allows the ex-
plicit construction of metrics. The parameter space consists of unconstrained
holomorphic functions on a certain submanifold of Sp1(C)×C
4n.
A pseudo-Riemannian manifold (M, g) is determined by the holonomy sub-
bundle P ⊂ Og(M) of its orthonormal frame bundle π : Og(M) → M . In
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turn, P is determined, up to local equivalence, by its fundamental vector
fields (EA, ea), the infinitesimal transformations EA of its structure group and
the horizontal vector fields ea given by the Levi-Civita connection form on P .
Two pseudo-Riemannian manifolds (M, g) and (M ′, g′) are locally isometric if
and only if their respective vector fields (EA, ea) and (E
′
A, e
′
a) are related by a
local diffeomorphism.
In the case of a pseudo-hyperka¨hler manifold (M, g), the associated ho-
lonomy bundle P ⊂ Og(M) is locally identifiable with the trivial bundle
π : P |V ≃ Spp,q×V → V, for some open subset V ⊂ R
4n. We shall regard
the holonomy bundle as a subbundle of a larger bundle of orthonormal frames
with structure group Sp1·Spp,q . This larger bundle has a double covering
identifiable with Sp1×Spp,q×V, a real submanifold of the complex Lie group
P = (Sp1(C)×Spn(C))⋉ C
4n.
Using the above local identifications, the vector fields (EA, ea) associated
with (M, g) can be identified with corresponding vector fields on the larger
space Sp1×Spp,q×V ⊂ P. If g is real analytic, these vector fields admit holo-
morphic extension to an open subset U ⊂ P. Including the basis vector fields
(H0, H++, H−−) of sp1(C) ⊂ Lie(P) = sp1(C) + spn(C) + C
4n, we obtain a
set A = (H0, H±±, EA, ea) of holomorphic vector fields on U, which is natu-
rally associated with the pseudo-hyperka¨hler metric g|V. This mapping from
real analytic pseudo-hyperka¨hler metrics to sets of holomorphic vector fields
admits an explicit inversion. Introducing the notion of an hk-pair (A,M),
consisting of a set A = (H0, H±±, EA, ea) of holomorphic vector fields on an
open subset U ⊂ P, satisfying certain Lie bracket relations, and a real sub-
manifoldM ⊂ P, satisfying appropriate transversality conditions with respect
to the fields H0, H±± and EA, we shall show that every hk-pair (A,M) deter-
mines a pseudo-hyperka¨hler metric g on the manifold M . Further, the real
submanifold M · Spp,q ⊂ U is identifiable with the (trivial) holonomy bundle
π : P = M × Spp,q →M of (M, g).
The correspondence between hk-pairs and pseudo-hyperka¨hler metrics is
crucial in order to obtain a complete parametrisation of the local isometry
classes of real analytic pseudo-hyperka¨hler metrics. We shall prove that:
A) There exists a bijection between the local isometry classes of real analytic
pseudo-hyperka¨hler metrics and local equivalence classes of hk-pairs.
B) Every local equivalence class of hk-pairs contains a distinguished sub-
class of canonical hk-pairs, each completely determined by a single uncon-
strained holomorphic function L, the prepotential, defined on a complex
submanifold of P = (Sp1(C)×Spn(C))⋉C
4n.
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Combining A and B:
For every real analytic pseudo-hyperka¨hler manifold (M, g), the restriction of
the metric g|V to a sufficiently small open subset V ⊂M can be associated with
an unconstrained prepotential L. Conversely, an arbitrary holomorphic func-
tion L on a certain complex submanifold of P determines a pseudo-hyperka¨hler
metric g, unique up to isometry. We call L a prepotential of the pseudo-
hyperka¨hler metric g.
One of the striking developments in theoretical physics, which animated
much mathematical interest in supersymmetry, was the appearance of special
geometries in various surprising contexts. For instance, requiring the harmonic
map equations on a four-dimensional Lorentzian manifold to be supersymmet-
ric automatically provided the target manifold with a Ka¨hler structure [15].
Soon, it was found [2] that extended versions of supersymmetry yielded hy-
perka¨hler targets. The search for a supersymmetric action functional gave
rise to the harmonic space method [6], which yielded a construction of a su-
persymmetric Lagrangian L in an extended space called harmonic superspace.
The construction established a correspondence between the functions L and
hyperka¨hler metrics. In an interesting collateral development [8, 9, 10], these
authors extracted the latter correspondence from the original context of su-
persymmetric field theories, presenting a construction of hyperka¨hler metrics,
parametrised by a prepotential L, much as the Ka¨hler potential parametrises
Ka¨hler metrics. A streamlined presentation of the correspondence was given
in [3]. This was amenable to a generalisation to supersymmetric hyperka¨hler
spaces [4, 5]. Further, a discussion of the prepotential in the framework of
quaternionic Ka¨hler metrics has been given in [7].
The correspondence between (pseudo-)hyperka¨hler metrics and free prepo-
tentials provides an efficient parameterisation of all local isometry classes of
real analytic pseudo-hyperka¨hler metrics and is important from both field the-
oretical and differential geometric points of view. The purpose of this paper is
to give an appropriate mathematical presentation, in coordinate-free language,
with complete and self-contained proofs; thus opening the way to further devel-
opments and applications. An analogous correspondence between Yang-Mills
connections on (generalised) hyperka¨hler manifolds and free prepotentials has
been discussed in [1].
Structure of the paper. Section 2 contains our notation and certain ba-
sic facts. In Sect. 3 and 4 we discuss hk-pairs, show how the associated
pseudo-hyperka¨hler metrics may be determined and we state the two main
theorems, which establish the surjective correspondence between prepoten-
tials and equivalence classes of hk-pairs. In Sect. 5 we obtain some technical
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results on differential equations on harmonic spaces required for the proofs
of our main theorems in Sect. 6 and 7. A summary of our construction, a
five-step recipe to obtain a pseudo-hyperka¨hler metric from a prepotential,
is given in Sect. 8. The appendix discusses real and complex G-structures,
reformulating them in terms of holomorphic frame fields on complex mani-
folds. The latter provide a useful tool for the investigation of local properties
of manifolds with real analytic G-structures. In Sect. A3 we discuss the par-
ticular case of G-structures corresponding to real analytic pseudo-hyperka¨hler
manifolds. Finally, in Sect. A4, we prove the bijection between local isome-
try classes of real analytic pseudo-hyperka¨hler metrics and local equivalence
classes of hk-pairs.
The discussion in the appendix has been kept general enough with a view to
being directly applicable to other geometries. In particular, we intend to use
it to obtain a new parametrisation of the local isometry classes of quaternionic
Ka¨hler metrics.
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Nicolai and the Albert Einstein Institute for providing an excellent research
environment. We thank the Max-Planck-Institu¨t fu¨r Mathematik, Universita`
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2. Basic notions
2.1. A basis for p = (sp1(C) + spn(C)) + C
4n
Consider the Lie algebra g = sp1(C)+spn(C). Since the vector space V =
C2 ⊗C2n ≃ C4n is a g-module, we may extend g to the Lie algebra p = g+ V
with additional brackets,
[v, v′] = 0 , [A, v] = A · v , v, v′ ∈ V, A ∈ g ,
where A· : V → V, v 7→ A·v, denotes the standard action of A on V . As our
standard basis for sp1(C), we use the triple
Ho0 =
(
1 0
0 −1
)
, Ho++ =
(
0 1
0 0
)
, Ho−− =
(
0 0
1 0
)
.
The standard bases of C2 and C2n are denoted respectively by (ho+, h
o
−) and
(eoa), a = 1, . . . , 2n. In terms of these, the basis elements of V = C
4n are given
by eo±a := h
o
± ⊗ e
o
a. In this basis V manifestly decomposes as V = V+ + V− ,
where V± := spanC{e
o
±1, . . . , e
o
±2n} are eigenspaces of H
o
0 , since h
o
± are its
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eigenvectors with eigenvalues ±1. As a basis of spn(C), we consider the N -
tuple of 2n×2n matrices, (Eo1 , . . . , E
o
N ), N = (2n+1)n, corresponding, by the
classical identification spn(C) ≃ ∨
2C2n, to the tensors Eoab := e
o
a ∨ e
o
b . The
nonzero Lie brackets of the basis elements of p are given by
[Ho++, H
o
−−] = H
o
0 , [H
o
0 , H
o
±±] = ±2H
o
±± , [E
o
A, E
o
B] = c
C
ABE
o
C , (2.1)
[Ho±±, e
o
∓a] = e
o
±a , [E
o
A, e
o
±a] = (E
o
A)
b
ae
o
±b , [H
o
0 , e
o
±a] = ±e
o
±a ,
where (EoA)
b
a denote the entries of the matrix E
o
A and c
C
AB the structure con-
stants of spn(C) with respect to the basis (E
o
A).
The above basis manifestly displays p = g + V as a Lie algebra with a
five-fold gradation,
p = p−2 ⊕ p−1 ⊕ p0 ⊕ p+1 ⊕ p+2 ,
with [pi, pj] ⊂ pi+j and pi+j = 0 if |i + j| > 2. Here the one-dimensional
submodules p±2 are generated by H
o
±±, and p±1 = V±. The element H
o
0 ∈ p0
is the grading element, which defines the gradation of p by virtue of the space
pj being the eigenspace of adHo0 with eigenvalue j. We say that an element
x ∈ pj has charge j and we write x, as in the basis above, with an appropriate
number of + or − signs in the subscript.
2.2. Coordinate systems and left-invariant vector fields
The connected subgroups of GL4n(C)⋉C
4n with Lie algebras g and p, respec-
tively, are denoted by
G = Sp1(C)× Spn(C) and P = G⋉ C
4n.
We parametrise GL2n(C) and GL2(C) using the entries of their respective
elements, B = (Bab ) ∈ GL2n(C) and
U =
(
u1+ u
1
−
u2+ u
2
−
)
∈ GL2(C) .
The elements of the subgroup Spn(C) ⊂ GL2n(C) are characterised by the
constraints BcaωcdB
d
b = ωab , where ω is the 2n×2n matrix of the symplectic
form. Similarly, the elements of Sp1(C) = SL2(C) ⊂ GL2(C) satisfy
det(ui±) = u
1
+u
2
− − u
2
+u
1
− = 1 , (2.2)
which is tantamount to εABεiju
i
Bu
j
C = δ
A
C , where the 2×2 skewsymmetric ma-
trices (εij)i,j∈{1,2} , (εAB)A,B∈{+,−} and their respective inverses (ε
ij) = (εℓm)
−1,
(εAB) = (εCD)
−1, have nonzero elements ε12= − ε
12=1 and ε+−= − ε
+−=1.
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Then, the inverse matrix U−1 ∈ Sp1(C) takes the form
U−1 =
(
−u±i
)
= −(εABεjℓu
ℓ
B) =
(
u2− −u
1
−
−u2+ u
1
+
)
. (2.3)
Here, we adopt the convention αi := εiℓα
ℓ and βj := εjℓβℓ for raising and
lowering Sp1(C)-indices.
We denote by (z1a, z2b), a, b = 1, . . . 2n, the elements of V = C4n = C2⊗C2n
and call the standard system of coordinates on (GL2(C)×GL2n(C))⋉C
4n the
central coordinate system,
((ui±), (B
a
b ), (z
ia)) : (GL2(C)×GL2n(C))⋉C
4n −→ C4×C4n
2
×C4n.
The basis elements of p in (2.1) are restrictions to P of left-invariant vector
fields of the Lie group (GL2(C)×GL2n(C))⋉C
4n, which contains P as a proper
Lie subgroup. In central coordinates we have
Ho0 = u
i
+
∂
∂ui+
− ui−
∂
∂ui−
, Ho++ = u
i
+
∂
∂ui−
, Ho−− = u
i
−
∂
∂ui+
,
EoA = B
a
c (E
o
A)
c
b
∂
∂Bab
, eo±a = B
b
au
j
±
∂
∂zjb
. (2.4)
A useful alternative coordinate system is the analytic coordinate system,
((ui±), (B
a
b ), (z
±a)) : (GL2(C)×GL2n(C))⋉C
4n −→ C4 × C4n
2
× C4n ,
determined by the coordinate transformation
(ui±) 7→ (u
i
±) , (B
a
b ) 7→ (B
a
b ) , (z
ia) 7→ (z±a)
∣∣
(U,B,z)
:= U−1 · (zia)
∣∣
(U,B,z)
,
where the last mapping is equivalent to(
z1a
z2a
)∣∣∣∣∣
(U=(ui
±
),B,z=zia)
=
(
u1+ u
1
−
u2+ u
2
−
) (
z+a
z−a
)∣∣∣∣∣
(U=(ui
±
),B,z=zia)
.
In these coordinates, the vector fields eo±a have the simple expression e
o
±a =
Bba
∂
∂z±b
. In terms of the elements of U−1 given in (2.3), we may also write
z±a = −u±i z
ia.
2.3. U(1)-charge
Let F be a CN -valued holomorphic function, defined on (an open subset of)
Sp1(C) or Sp1(C)⋉ C
4n. Our main results depend crucially on certain prop-
erties of such functions and we discuss these in Section 5. In analogy with
the terminology for the elements of p, we say that F has charge k if it is a
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solution of the differential equation1
Ho0 ·F = kF , k ∈ Z . (2.5)
We shall write such functions with |k| plus or minus signs in the subscript
or, when it is less cumbersome, as F(±|k|). We also adopt the sign convention
that a plus or minus sign in the superscript denotes, respectively, a negative
or positive charge, i.e. the opposite charge to that denoted by the same sign
in the subscript. So, for instance, the coordinates z±a defined above satisfy
the condition Ho0 ·z
±a = ∓z±a.
2.4. Real structures on P = (Sp1(C)× Spn(C))⋉C
4n
Consider non-negative integers p, q with p + q = n, and organise the matrix
I2p,2q of the flat metric of signature (2p, 2q) and the complex structures J and
J of C2n and C2, respectively, as follows:
I2p,2q =
(
η 0
0 η
)
, (Jba) =
(
0 −η
η 0
)
, (J ji ) =
(
0 −1
1 0
)
,
where η :=
(
Ip 0
0 −Iq
)
. Using these matrices we may define a holomorphic
map
ψ : (GL2(C)×GL2n(C))⋉ C
4n → (GL2(C)×GL2n(C))⋉C
4n
(U,B, (zia)) 7→ (ψ(U), ψ(B), (ψjb(z))) ,
where
ψ(U) = (UT )−1, ψ(B) = (I2p,2qB
T I2p,2q)
−1, ψjb(z) = −J ji J
b
a z
ia.
Under ψ the left-invariant vector fields of P transform as:
ψ∗(H
o
0) = −H
o
0 , ψ∗(H
o
±±) = −H
o
∓∓ , ψ∗(e
o
±a) := ±Ĵ
b
ae
o
∓b , (2.6)
where the GL2n(C)-valued function Ĵ : P→ GL2n(C) is defined by
Ĵ|(U,B,z) := −I2p,2q·
(
B ·
(
0 −In
In 0
)
·BT
)−1
. (2.7)
The map ψ determines, by conjugation, an anti-holomorphic map,
τ(U,B, z) := ψ(U,B, z) =
(
(UT )−1 , (I2p,2qBT I2p,2q)
−1 , ψ(z)
)
. (2.8)
The map ψ and complex conjugation clearly commute. The push-forwards of
the complex vector fields Ho0 , H
o
±±, e
o
±a under the anti-involution τ are
τ∗(H
o
0) = −H
o
0 , τ∗(H
o
±±) = −H
o
∓∓ , τ∗(e
o
±a) = ±Ĵ
b
ae
o
∓b . (2.9)
1We use the notation X ·f := X(f) to denote the directional derivative of a function f
on a manifold M along a vector field X .
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Now, τ(P) ⊂ P and the τ -fixed point set is Pτ = (Sp1×Spp,q)⋉ (C
4n)τ , where
(C4n)τ := { (z1a, z2a, ηab z
2b,−ηab z
1b), a = 1, . . . , n }.
We call τ |P the real structure of signature (4p, 4q) on P . For simplicity, we
shall use τ instead of τ |P and we similarly denote each of the three component
parts, the anti-involutions on Sp1(C), Spn(C) and C
4n given by (2.8). Which
anti-involution is meant will always be clear from the context.
The space (C4n)τ is endowed with an (Sp1×Spp,q)-invariant quaternionic
structure J : Hn → Hn, J2 = −1,
J(z1a, z2b, ηcaz
2a,−ηdaz
1a) := (z2b,−z1a, ηcaz
1a, ηdaz
2a) ,
and is naturally identifiable with Hn = {(z1a, z2b), zja ∈ C}, n-dimensional
quaternion space.
2.5. spn(C)-equivariance
Let ρ : spn(C) → gl(S) be a linear representation of spn(C) on a complex
vector space S and f : U ⊂ P → S a holomorphic map. We say that f is
spn(C)-equivariant if it satisfies the differential equation
EoA·f = ρ(E
o
A)(f) . (2.10)
For instance, functions (fa) , (hb) , (g
a
b ) and (ℓ
a
bc), taking values in the spaces
V˜ := C2n , V˜ ∗ , V˜ ⊗ V˜ ∗ and V˜ ⊗ V˜ ∗⊗ V˜ ∗, respectively, are spn(C)-equivariant
if they satisfy the differential equations
EoA·f
a = −(EoA)
a
bf
b , EoA·ha = (E
o
A)
b
ahb ,
EoA·g
a
b = −(E
o
A)
a
cg
c
b + (E
o
A)
c
bg
a
c ,
EoA·ℓ
a
bc = −(E
o
A)
a
dℓ
d
bc + (E
o
A)
d
bℓ
a
dc + (E
o
A)
d
cℓ
a
bd .
3. hk-frames
Let p, q be non-negative integers with p+q = n and τ the real structure (2.8)
of signature (4p, 4q) on P = G⋉V, V = C4n, G = Sp1(C)×Spn(C). Following
[9, 10] we introduce:
Definition 3.1. Let V ⊂ V = C4n be a connected, simply connected neigh-
bourhood of 0, invariant under the involution τ . The harmonic space of V is
the set H|V := Sp1(C)×{I2n}×V. When V = C
4n, we write simply H. Fur-
ther, an open subset U ⊂ P is called appropriate if it is a τ -invariant simply
connected neighbourhood of e = (I2, I2n, 0), such that U ∩H = H|V for some
open subset V ⊂ C4n.
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Let Xhol(U) be the space of holomorphic vector fields on an appropriate open
subset U ⊂ P.
Definition 3.2. A collection A = (H0, H±±, EA, e±a) of holomorphic vector
fields in Xhol(U), C-linearly independent at all points, is an hk-frame if:
a) U carries a holomorphic right action ρ : U×G → U of G = Sp1(C)×Spn(C)
such that the associated group homomorphism ρ̂ : G→ Diff(U) satisfies
ρ̂∗(H
o
0) = H0 , ρ̂∗(H
o
±±) = H±± , ρ̂∗(E
o
A) = EA .
Since the map ρ̂∗ : g ≃ TeG → X
hol(U) is an injective Lie algebra homo-
morphism, the vector fields (H0, H±±, EA) satisfy the Lie bracket relations
(cf. (2.1))
[H0, H±±] = ±2H±± , [H++, H−−] = H0 , [EA, EB] = c
C
ABEC . (3.1)
b) The Lie brackets of the other fields of A are given by
[H0, e±a] = ±e±a , [H±±, e±a] = 0 , [H±±, e∓a] = e±a ,
[EA, e±a] = (E
o
A)
b
ae±b , [e±a, e±b] = 0 , [e+a, e−b] = R
A
abEA , (3.2)
where RAab : U→ C are holomorphic functions.
c) The orbit space M = U/G is a manifold and π : U → M = U/G is a
principal G-bundle over M .
A pair of hk-frames A ,A′ defined on appropriate open subsets U ,U′ ⊂ P,
respectively, are locally equivalent if there exists a G-equivariant biholomor-
phism ϕ : U → U′ which maps the fields of A into the corresponding fields of
A′. We write: A′ = ϕ∗(A).
A particularly important class of hk-frames is given by:
Definition 3.3. A canonical hk-frame is an hk-frame A=(H0, H±±, EA, e±a)
on an appropriate open subset U ⊂ P, in which the vector fields take the form2
H0 = H
o
0
H±± = (H
o
±± + δH±±) , δH±± = v
−b
±±e
o
−b + v
+b
±±e
o
+b + A
B
++E
o
B
EA = E
o
A
e+a = e
o
+a
e−a = (e
o
−a + δe−a) , δe−a = v
+b
−ae
o
+b + A
B
−aE
o
B ,
with components v+b++ identically vanishing on the submanifold {z
+a = 0} ⊂ U.
2 Here, the components v±b±± and v
+b
−a are complex functions on U and have charges in
accordance with the notation of Sect. 2.3: a plus (minus) sign in the superscript denotes a
negative (positive) charge and vice versa for subscripts. So, for instance, the components
v−b++, which satisfy H
o
0 ·v
−b
++ = 3v
−b
++ in virtue of eq. (3.1), have charge +3.
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The C2n-valued function (v−b++)|H∩U : H∩U→ C
2n, appearing as the coefficient
of eo−b inH++|H∩U, is called the v-potential ofA. We shall see that it effectively
parametrises the equivalence classes of hk-frames.
Remark. Canonical hk-frames are called analytic frames in the harmonic
space literature [10].
There is another important class of hk-frames:
Definition 3.4. A central hk-frame is an hk-frame A on an appropriate open
subset U ⊂ P, in which the vector fields take the form
H0 = H
o
0 , H±± = H
o
±± , EA = E
o
A ,
e±a = e
o
±a + v
+b
±ae
o
+b + v
−b
±ae
o
−b + A
B
±aE
o
B ,
where the components v+b±a, v
−b
±a, A
B
±a are holomorphic functions. The collec-
tion Ao = (Ho0 , H
o
±±, E
o
A, e
o
±a) of left-invariant vector fields on P, forming the
standard basis of p, is called the flat hk-frame.
We shall see that if appropriate reality conditions are satisfied, every hk-
frame A, defined on an appropriate open set U ⊂ P, determines a real analytic
pseudo-Riemannian metric g on M = U/G. In this case, the functions RAab,
appearing in (3.2), are components of the curvature tensor of (M, g). In
particular, the flat hk-frame corresponds to a flat pseudo-Riemannian metric.
A local biholomorphism ϕ : U → U′ between two appropriate open subsets
of P, with components in central coordinates ϕ = (ϕi±, ϕ
a
b , ϕ
ia) such that
ϕi±(U,B, z) = u
i
± and mapping a central hk-frame A into a canonical hk-
frame A′ = ϕ∗(A), is called a bridge between A and A
′. From the definitions
of central and canonical hk-frames, this means that ϕ is a biholomorphism
satisfying
ϕi±(U,B, z) = u
i
±
ϕ∗(E
o
A) = E
o
A , ϕ∗(H
o
0) = H
o
0 , ϕ∗(e+a) = e
o
+a ,
(3.3)
with the property that the vector fields H ′±± := ϕ∗(H
o
±±), e
′
−a := ϕ∗(e−a) have
the form prescribed in Def. 3.3.
Canonically associated with an hk-frame A = (H0, H±±, EA, e±a), there
exists an absolute hk-parallelism, a C-linear map αA : p→ Xhol(U) from the
(abstract) Lie algebra p to the holomorphic vector fields on U ⊂ P, defined by
αA(Ho0) = H0 , α
A(Ho±±) = H±± , α
A(EoA) = EA , α
A(eo±a) = e±a . (3.4)
This map satisfies the following conditions:
a) αA is a holomorphic absolute parallelism, i.e. it gives a linear isomorphism
between p and T 10w U for every w ∈ U.
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b) The restriction αA|g : g → spanC{H0, H±±, EA} coincides with the map
ρ̂∗ : g ≃ TeG → X
hol(U) in Def. 3.2 corresponding to the right action
ρ : U×G→ U.
c) αA([X, v]) = [αA(X), αA(v)] for all X ∈ g and v ∈ V .
d) [αA(v), αA(v′)]w ∈ α
A(spn(C)) for all v, v
′ ∈ V , w ∈ U .
Conversely, for a given right action ρ of G on an appropriate open subset
U ⊂ P and a C-linear map αA satisfying a) - d), the vector fields defined by
(3.4) constitute an hk-frame.
4. The main theorems
4.1. Canonical hk-pairs
For a real C∞-manifold M , we denote by X(M) the space of smooth vector
fields on M . Given an hk-frame A on an appropriate open subset U ⊂ P, we
call the R-linear map
αA(R) : p→ X(U) , X 7→ α
A
(R)(X) := 2Re(α
A(X)) , (4.1)
the real absolute hk-parallelism associated with A. Notice that
αA(R)(iX) = Joα
A
(R)(X)
for all X ∈ g, where Jo is the real (1, 1)-tensor field corresponding to the
standard complex structure of P, and that αA(X) = (αA(R)(X))
10 .
Our classification of (local) isometry classes of pseudo-hyperka¨hler metrics
is based on the following:
Definition 4.1. An hk-pair of signature (4p, 4q) is a pair (A,M), consisting
of an hk-frame A on an appropriate open subset U ⊂ P and a totally real 4n-
dimensional submanifoldM ⊂ U passing through e = (I2, I2n, 0) and satisfying
the following conditions:
i) M is transversal to the spp,q-orbits, i.e. TxM ∩α
A
(R)(spp,q)|x = {0} for all x
ii) TxM ⊂ α
A
(R)(V
τ + spp,q)|x for all x ∈M .
Two hk-pairs (A,M), (A′,M ′) are called locally equivalent if there exists a
G-equivariant biholomorphism ϕ : U→ U′ mapping A into A′ andM into M ′.
The flat hk-pair (Ao,Mo) of signature (4p, 4q) consists of the flat hk-frame
Ao on P together with the real submanifold
Mo = {I2}×{I2n}×(C
4n)τ ⊂ P . (4.2)
Definition 4.2. An hk-pair (A,M) on U ⊂ P is called canonical if
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a) the hk-frame A is canonical (Def. (3.3)),
b) there exists a bridge ϕ : U′ → U that maps a central hk-frame Â on U′ to
A = ϕ∗(Â) and
c) there exists a real submanifold M̂ ⊂ {I2}×{I2n}×C
4n passing through e =
(I2, I2n, 0) such that the bridge ϕ determines a local equivalence between
(Â, M̂) and (A,M).
4.2. Correspondence between hk-pairs and pseudo-hyperka¨hler met-
rics
Pseudo-hyperka¨hler metrics and hk-pairs are related as follows. Consider
an hk-pair (A,M) of signature (4p, 4q), with associated holomorphic action
ρ : U×G→ G, and let
ρτ = ρ|U×Gτ : U×G
τ → U , Gτ = Sp1 × Spp,q ,
be the induced right action of Gτ . The infinitesimal transformations of ρτ are,
by construction, the real vector fields in gA,τ := αA(R)(g
τ ). In accordance with
Def. 4.1, the union of Spp,q-orbits
U
(Spp,q) = M ·Spp,q :=
⋃
x∈M
x · Spp,q (4.3)
is a manifold, Spp,q-equivariantly diffeomorphic to M×Spp,q , and the 4n-
vectors,
eτI |x = α
A
(R)(e
oτ
I )|x, I = 1, . . . , 4n, x ∈ M , (4.4)
with I labelling the ordered index pairs (+1, . . . ,+2n,−1, . . . ,−2n), belong
to the vector space
TxU
(Spp,q) = TxM + α
A
(R)(spp,q). (4.5)
Here eoτI denote a choice of basis vectors for the 4n-dimensional real τ -invariant
subspace V τ ⊂ V = C4n. By (4.5) and Spp,q-equivariance, the restrictions to
U
(Spp,q) of the vector fields eτI = α
A
(R)(e
oτ
I ) are tangent to U
(Spp,q) at all its
points.
Now, we choose a section σ : M → U(Spp,q) of the trivial bundle π : U(Spp,q) ≃
M × Spp,q →M and we consider the vector fields on M
e
(σ)
I =
{
e
(σ)
I |x := π∗(e
τ
I |σ(x)) , x ∈ M
}
.
There clearly exists a unique real analytic, pseudo-Riemannian metric g of
signature (4p, 4q), for which the (e
(σ)
I |x) are vielbeins, i.e.
g(e
(σ)
I , e
(σ)
J ) = (I4 ⊗ η)IJ . (4.6)
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The properties of the absolute hk-parallelism αA imply that for any other
section σ′ : M → U(Spp,q), the corresponding frames
(
e
(σ′)
I |x := π∗(e
τ
I |σ′(x))
)
are
also vielbeins for this metric, which thus does not depend on the choice of σ
and is uniquely associated with the hk-pair (A,M) (see Lemma A18).
Moreover, the following proposition holds by construction:
Proposition 4.3. Let (M, g) and (M ′, g′) be real analytic pseudo-hyperka¨hler
manifolds of signature (4p, 4q) corresponding, in the above-described fashion,
to hk-pairs (A,M) and (A′,M ′), respectively. Then (M, g) and (M ′, g′) are
locally isometric if and only if the hk-pairs (A,M) and (A′,M ′) are locally
equivalent.
Further (Theorem A19):
In each local isometry class of (germs of) real analytic pseudo-hyperka¨hler
manifolds of signature (4p, 4q), there is a pseudo-hyperka¨hler manifold (M, g)
which is determined by an hk-pair (A,M) of signature (4p, 4q) in the above-
described fashion.
It follows immediately that:
Theorem 4.4. There is a natural one to one correspondence between the local
isometry classes of (germs of) real analytic pseudo-hyperka¨hler manifolds and
the local equivalence classes of (germs of) hk-pairs.
4.3. Prepotentials of pseudo-hyperka¨hler metrics
According to the above results, the classification of local isometry classes of
real analytic pseudo-hyperka¨hler metrics corresponds to the classification of
local equivalence classes of hk-pairs. The latter is achieved by means of the
following two fundamental results.
Theorem 4.5. Every local equivalence class of (germs of) hk-pairs contains a
canonical hk-pair. Moreover, if hk-pairs (A,M) and (A′,M ′) are both canoni-
cal and have identical v-potentials, then A = A′ and (A,M) and (A′,M ′) are
locally equivalent.
Theorem 4.6. There exists a one-to-one correspondence between canonical
hk-pairs and holomorphic functions on harmonic space L(+4) : H|V → C satis-
fying the system of first order equations,
eo+a·L(+4) = 0 , H
o
0 ·L(+4) = 4L(+4) , L(+4)|Sp1(C)×{I2n}×{0} = 0 . (4.7)
More precisely, given such an L(+4), there exists a canonical hk-pair (A,M)
on an appropriate subset U ⊂ P with U∩H = H|V, whose v-potential is equal
to
v−a++|U∩H = ω
ab
(
eo−b·L(+4)
)
. (4.8)
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Here (ωab) is the inverse matrix of (ωab). Conversely, given a canonical hk-pair
(A,M), with v-potential v−a++|U∩H, there exists a unique holomorphic function
L(+4) satisfying (4.7) and (4.8).
The holomorphic function L(+4) is the prepotential
3 of the canonical hk-pair
(A,M). The space of prepotentials parametrises the local equivalence classes
of real analytic pseudo-hyperka¨hler manifolds. Given an unconstrained pre-
potential L(+4) satisfying (4.7), all the vector fields of the associated canoni-
cal hk-pair (A,M) may be obtained explicitly by solving a system of partial
differential equations on harmonic space H|V. The corresponding pseudo-
hyperka¨hler manifold can then be determined according to the procedure of
Sect. 4.2. Since the equivalence classes of (germs of) hk-pairs are in one to one
correspondence with the (germs of) real analytic pseudo-hyperka¨hler metrics
(Theorem 4.4) and each of them contains a canonical hk-pair (Theorem 4.5),
the parametrisation of pseudo-hyperka¨hler metrics advertised in the Introduc-
tion is established.
In the next section we discuss some technical properties of holomorphic
functions on Sp1(C), which are essential in our discussion. We then prove
Theorem 4.5 in Sect. 6 and Theorem 4.6 in Sect. 7. In Sect. 8, we describe
a five-step recipe for the explicit construction of a pseudo-hyperka¨hler metric
from its prepotential.
5. Holomorphic functions on Sp1(C)
Consider the standard coordinates of GL2(C),
(u1+, u
2
+, u
1
−, u
2
−) : GL2(C) −→ C
4,
which associate with every matrix U =
(
u1+ u
1
−
u2+ u
2
−
)
the values of its entries, and
the class of meromorphic functions h : GL2(C)→ C of the form
h =
∑
p,q,r,s∈Z
cpqrs(u
1
+)
p(u2+)
q(u1−)
r(u2−)
s. (5.1)
Two such maps h, h′ are called Sp1(C)-equivalent if h|Sp1(C) = h
′|Sp1(C). Since
the elements U = (ui±) ∈ Sp1(C) ⊂ GL2(C) are constrained by
detU = u1+u
2
− − u
2
+u
1
− = 1 , (5.2)
any one coordinate from {u1+, u
2
+, u
1
−, u
2
−} is Sp1(C)-equivalent to a rational
function of the other three. It follows that every function (5.1) is Sp1(C)-
equivalent to four others, obtained by expressing each of the four coordinates
in terms of the others in accordance with (5.2). The meromorphic functions
3Our sign convention for the prepotential differs from the customary one (e.g. [10, 3]).
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obtained in this way are said to be in reduced form. Clearly, each Sp1(C)-
equivalence class of meromorphic functions (5.1) contains at most four distinct
functions in reduced form.
The meromorphic functions of the form (5.1) are related to the holomorphic
functions of Sp1(C). Indeed, we have the following:
Lemma 5.1. Any holomorphic function g : Sp1(C)→C is a restriction of
some meromorphic function h : GL2(C)→C of the form (5.1), g = h|Sp1(C).
Further, if the function h thus associated with g is in reduced form, its coef-
ficients cpqrs are uniquely determined by the expansion of g|Sp1 in generalised
spherical functions.
Proof. Since Sp1 is a three dimensional, totally real submanifold of the three
dimensional complex manifold Sp1(C), the holomorphic map g : Sp1(C)→ C
is uniquely determined by its restriction g|Sp1 , which is of class C
∞ and hence
in L2(Sp1). This implies that g|Sp1 admits a unique series expansion in terms
of generalised spherical functions (see e.g. [11] p. 94). We recall that these
are the functions
T λmn : Sp1 → C , with λ =
ℓ
2
, ℓ ∈ N , m, n = −ℓ,−ℓ + 1, . . . , ℓ− 1, ℓ ,
which associate with every U = (ui±) ∈ Sp1 the (m,n)-element of the matrix
T λ(U) representing the action of U on the (unique, up to an isomorphism)
irreducible Sp1-module of highest weight λ. Since every such irreducible Sp1-
module is a symmetric power of the standard module C2, the entries of T λ(U)
are polynomials in the entries of U . A generalised spherical function T λmn is
therefore a polynomial in these variables and has an expression of the form
T λmn =
∑
T λmn|pqrs(u
1
+)
p(u2+)
q(u1−)
r(u2−)
s
∣∣
Sp1
, T λmn|pqrs ∈ C . (5.3)
Since the restrictions ui±|Sp1 ’s are constrained by (5.2), the coefficients in the
expansion (5.3) are in general not uniquely determined by the spherical func-
tion T λmn. However, replacing one of the functions u
i
±|Sp1 by a rational ex-
pression of the others, one can always reduce to an expression for T λmn as a
Laurent series of the other three functions. Summing up, a spherical function
T λmn : Sp1 → C admits at most four specific expansions (5.3), each of them
equal to the restriction Tλmn|Sp1 of a meromorphic function T
λ
mn : GL2(C)→ C
as in (5.1) and in reduced form. We therefore have that g|Sp1 can be expanded
in a series of the form
g|Sp1 =
∑
λ,m,n
cmnλ T
λ
mn
∣∣
Sp1
=
(∑
cpqrs(u
1
+)
p(u2+)
q(u1−)
r(u2−)
s
) ∣∣∣
Sp1
, (5.4)
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where the coefficients cpqrs =
∑
cmnλ T
λ
mn|pqrs are completely determined by the
coefficients cmnλ of the expansion of g|Sp1 in generalised spherical functions if
the T λmn|pqrs are coefficients of a reduced form of the maps T
λ
mn : GL2(C)→ C.
Consider now the function h =
∑
cpqrs(u
1
+)
p(u2+)
q(u1−)
r(u2−)
s on GL2(C).
Being meromorphic, it is holomorphic on a dense open subset U ⊂ Sp1(C).
Since h|Sp1 = g|Sp1 , it follows that h|U = g|U, so that, by continuity, h|Sp1(C) =
g, proving the first claim of the lemma. The second claim follows from the
construction of h and the fact that h is in reduced form if and only if all
meromorphic functions Tλmn appearing in (5.4) are taken in reduced form. 
We now solve certain equations for holomorphic functions f : Sp1(C)→ C.
Lemma 5.2. i) Every solution of
Ho++·f = 0 (5.5)
is a restriction f = h|Sp1(C) of a holomorphic map h : GL2(C) → C of the
form
h =
∑
n,m≥0
cnm(u
1
+)
n(u2+)
m. (5.6)
ii) Every solution of
Ho0 ·f = kf , k ∈ Z , (5.7)
is a restriction f = h|Sp1(C) of a meromorphic map h : GL2(C)→ C of the
form
h =
∑
n,m,p,q∈Z
n+m−p−q= k
cnmpq(u
1
+)
n(u2+)
m(u1−)
p(u2−)
q. (5.8)
Proof. A holomorphic function f on Sp1(C) is of the form f = h|Sp1(C) , for
some meromorphic h in reduced form (Lemma 5.1). The coordinate expression
for Ho++ (2.4) and holomorphicity imply that f satisfies H
o
++·f = 0 if and
only if h has the form (5.6), proving i). A similar argument proves ii). 
Simultaneous solutions of (5.5) and (5.7) may now be constructed. More
generally:
Lemma 5.3. Let g : Sp1(C) → C be holomorphic. The system of equations
for a holomorphic function f : Sp1(C)→ C,
Ho0 ·f = kf , k ∈ Z ,
Ho++·f = g ,
(5.9)
admits solutions if and only if g satisfies the equation,
Ho0 ·g = (k + 2)g . (5.10)
If (5.10) holds, the set of solutions to (5.9) is as follows.
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a) For k < 0 there exists exactly one holomorphic solution.
b) For k ≥ 0, the solutions are precisely all the functions f = h|Sp1(C) deter-
mined by holomorphic maps h : GL2(C)→ C of the form
h = ho +
∑
m,n≥0
m+n=k
cmn(u
1
+)
m(u2+)
n, (5.11)
where fo = ho|Sp1(C) is some solution of (5.9).
Proof. If a solution f to (5.9) exists, then
Ho0 ·g = [H
o
0 , H
o
++] ·f +H
o
++· (H
o
0 ·f) = 2H
o
++·f + kH
o
++·f = (k + 2)g ,
so (5.10) is a necessary condition for the integrability of the system (5.9). On
the other hand, by Lemma 5.2 ii) we have that
g = g˜|Sp1(C) , g˜ =
∑
p+q−r−s= k+2
cpqrs(u
1
+)
p(u2+)
q(u1−)
r(u2−)
s.
Now, by integration of Ho++·ho = g˜ we obtain the series,
ho =
∑
p+q−r−s= k+2
cpqrs (u
1
+)
p−1(u2+)
q−1(u1−)
r(u2−)
s
(
u2+u
1
−
r + 1
+
u1+u
2
−
s+ 1
)
.
This converges uniformly to a holomorphic solution of (5.11) on relatively
compact neighbourhoods of the points of Sp1(C)\Y , where Y := {(u
i
±) ∈
Sp1(C) | u
1
+u
2
+=0}. Moreover, since there is no element of Sp1(C), on which
u1+ and u
2
+ are both zero, for any U = (u
i
±) ∈ Y we may replace the mero-
morphic functions g˜ and ho by equivalent functions g˜
′ , h′o in reduced form,
both independent of either u1+ or u
2
+ and hence with no singularity at the
chosen U ∈ Y . This means that the functions g˜|Sp1(C) and ho|Sp1(C) are holo-
morphic on Sp1(C) \ Y and extendable to all points of Y , i.e. Y is a set of
removable singularities for them. Thus, fo = ho|Sp1(C) is a solution of (5.11)
which is holomorphic everywhere on Sp1(C). To complete the proof it suf-
fices to observe that if both fo , f : Sp1(C)→ C satisfy (5.11), their difference
δf = f − fo satisfies (5.5) and (5.7). Therefore it is equal to δf = δh|Sp1(C) for
some δh : GL2(C)→ C of the form δh =
∑
m,n≥0
m+n=k
cmn(u
1
+)
m(u2+)
n. From this,
(a) and (b) follow immediately. 
We now consider an initial value problem for an important generalisation
of the system (5.9) to harmonic space H|V = Sp1(C)×{I2n}×V, V ⊂ C
4n. In
what follows, we represent the elements (U, I2n, z) ∈ H|V simply as (U, z).
Lemma 5.4. Let V ⊂ C4n be a simply connected open neighbourhood of
0 ∈ C4n. The system of differential equations on H|V := Sp1(C) × V for
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holomorphic maps k = (kic) : H|V → C
4n, i = 1, 2, a, b, c = 1, . . . , 2n,
Ho0 · k = 0 , H
o
++ · k|(U,z) = F (U, k(U, z)), (5.12)
where F = (F ia) : Sp1(C)× C
4n → C4n is holomorphic and satisfies the inte-
grability condition
Ho0 ·F = 2F , (5.13)
admits
A) local solutions around any point (uio±, z
ia
o ) ∈ H|V with arbitrary initial
conditions kjd(uio±, z
ia
o ) = c
jd and
B) a global solution k on H|V for any choice of initial values k|(I2,z) = k̂(z),
z ∈ V, having the property
k(U, z) = k(ψ(U), z) , ψ(U) := (UT )−1. (5.14)
Remark 5.5. The latter property is merely a tool in our proof of the existence
of global solutions. It is by no means true that every global solution on H|V
has this property.
Proof of A) . The existence of a solution k of (5.12) is equivalent to the ex-
istence of a certain special submanifold S(k) corresponding to the graph of k
in the cartesian product N := H|V × C
4n. Denote the coordinates of N by
(ui±, z
ia, wjd) and the standard projections onto its factors by π1 : N → H|V
and π2 : N → C
4n. Let F̂ : N → C4n be the map F̂ (ui±, z
ia, wjd) := F (ui±, w
jd)
and Ĥ0 and Ĥ++ the vector fields on N uniquely determined at x ∈ N by the
conditions,
π1∗(Ĥ0|x) = H
o
0 |π1(x) , π1∗(Ĥ++|x) = H
o
++|π1(x) ,
π2∗(Ĥ0|x) = 0 , π2∗(Ĥ++|x) = F̂
ia(x)
∂
∂wia
∣∣∣
π2(x)
.
Further, let D ⊂ TN be the complex distribution generated by Ĥ0 and Ĥ++ .
We immediately see that a map k : W ⊂ H|V → C
4n is a solution of (5.12) if
and only if the vector fields ofD are everywhere tangent to the graph S(k) ⊂ N
given by
S(k) := {(ui±, z
ia, wjd) | (ui±, z
ia) ∈W , wjd = kjd(ui±, z
ia)}.
We have:
[Ĥ0, Ĥ++] = 2Ĥ++ + (Ĥ0·F̂
ia − 2F̂ ia)
∂
∂wia
.
From (5.13) Ĥ0·F̂
ia − 2F̂ ia=0, so D is involutive. Let xo=(u
i
o±, z
ia
o , c
jd) ∈ N
and choose a disk ∆ε ⊂ C of radius ε and centre 0, a neighbourhood V
′ ⊂ V of
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(ziao ) and a holomorphic map (possibly constant) k̂ : ∆ε × V
′ → Cn such that
k̂jd(0, ziao ) = c
jd. If ε is sufficiently small, the set
T :=
{(
ui± = exp(ζH
o
−−)·u
i
o± , z
ia , wjb = k̂jd(ζ, zia)
)
with ζ ∈ ∆ε , z
ia ∈ V′
}
is a (4n+1)-dimensional D-transversal complex submanifold of N. By the
complex Frobenius Theorem, there exists a family of two-dimensional integral
leaves of D, each passing through a distinct point of T, which combine to form
a complex manifold of dimension 4n+3 with the property that the vector fields
in D are everywhere tangent to it. This submanifold is the graph S(k) of a
map k in a neighbourhood of (uio±, z
ia
o ) such that k
jd(uio±, z
ia
o ) = c
jd. This is
one of the required local solutions.
Proof of B) . We now turn to the existence of global solutions. We recall that
the standard transitive action of Sp1(C) on CP
1 yields a natural identification
CP 1 ≃ Sp1(C)/B, where B is the Borel subgroup formed by upper triangular
matrices in Sp1(C),
B :=
{ (
λ µ
0 λ−1
)
, λ ∈ C∗ , µ ∈ C
}
≃ C∗ × C.
The affine subspaces of CP 1
C(0) = {[1 : ζ ] ; ζ ∈ C} and C(∞) = {[ζ : 1] ; ζ ∈ C},
can be identified with the cosets in Sp1(C)/B given by the points of
C˜(0) :=
{ (
1 0
ζ 1
)
, ζ ∈ C
}
= exp(CHo−−)
and
C˜(∞) :=
{ (
ζ −1
1 0
)
, ζ ∈ C
}
= Jo· exp(CH
o
−−) , Jo =
(
0 −1
1 0
)
,
respectively. This means that H|V is the union of the two patches,
H|V = Sp1(C)× V = (C˜(0) × V)·B ∪ (C˜(∞) × V)·B , (5.15)
with their intersection (a tube over an annulus) having two equivalent descrip-
tions,
(C˜(0) × V)·B ∩ (C˜(∞) × V)·B = (exp(C
∗Ho−−)× V)·B
= (Jo· exp(C
∗Ho−−)× V)·B . (5.16)
Now, every B-orbit x·B , x ∈ H|V, is biholomorphic to B ≃ C
∗ × C and the
non-trivial elements of its fundamental group π1(x·B) are given by the H
o
0 -
orbits in x·B. A local solution of (5.12) is constant along any open subset
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of an Ho0 -orbit. Using this and the existence of local solutions around every
point, we see that if there exists a solution k on a given simply connected open
subset S ⊂ H|V, it can always be extended to a solution defined on the union
of B-orbits S·B :=
⋃
y∈S y·B .
Now consider a simply connected subset Z ⊂ H|V transversal to the B-
orbits. It may be covered by a collection of open sets Wx ⊂ H|V, x ∈ Z, each
admitting, by part A, a local solution with arbitrary initial data on Wx ∩ Z.
The initial conditions can be chosen so that the solutions agree on non-empty
intersections Wx ∩ Wx′, x
′ 6= x. By the simple connectedness of Z these
solutions combine to give a solution on a neighbourhood of Z for any choice
of initial data k˜ on Z. Such a solution uniquely extends to Z·B.
Since C˜(0) × V is simply connected and transversal to B-orbits it follows
that for any choice of data on C˜(0) × V
k˜ : C˜(0) × V = exp(CH
o
−−)× V −→ C
4n
there is a unique solution k on the collection of B-orbits (C˜(0) × V)·B with
k|
C˜(0)×V
= k˜. We now prove that the solution k satisfies k(U, z) = k(ψ(U), z)
and k(I2, z) = k̂(z), provided that k˜ is chosen appropriately.
Let K : B × V→ C4n be the unique holomorphic function satisfying (5.12)
at the points of the B-orbits (I2, z)·B, z ∈ V, with initial data K(I2, z) = k̂(z).
Then set k˜ to be the unique holomorphic function at the points (exp(ζH−−), z)
such that k˜(I2, z) = k̂(z) and
Ho−−·k˜(exp(ζH−−), z) = −F (ψ(exp(ζH
o
−−)), K(ψ(exp(ζH
o
−−)), z)) .
Now consider the modified differential problem on maps h : H|V→C
4n
Ho0 ·h|(U,z) = 0
Ho++·h|(U,z) = F (U , h(U, z))
Ho−−·h|(U,z) = −F (ψ(U) , h(ψ(U), z)) .
(5.17)
Note that (5.17) is simply (5.12) with the addition of a third equation, which
is non-local; the right hand side depends on the value of h at the shifted point
(ψ(U), z). However, every solution h of (5.12) satisfying h(U, z) = h(ψ(U), z),
necessarily satisfies the third equation of (5.17) also. Indeed, since ψ∗(H
o
0) =
−Ho0 , ψ∗(H
o
±±) = −H
o
∓∓ (see (2.6)), we have:
Ho−−·h
∣∣
(U,z)
= Ho−−·h(ψ(·), ·))
∣∣
(U,z)
= (ψ∗(H
o
−−)·h)
∣∣
(ψ(U),z)
= −(Ho++·h)
∣∣
(ψ(U),z)
= −F (ψ(U) , h(ψ(U), z)) .
The solution k of (5.12), which we constructed on (C˜(0)×V)·B with initial data
k|
C˜(0)×V
= k˜, clearly solves the first two equations of (5.17) and by the above
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choice of k˜, it also satisfies the third equation at the points (Û , ẑ) ∈ C˜(0) ×V.
Further, on the points (U (λ), z) = (Û , ẑ)· exp(λHo++), λ ∈ C, of their H
o
++-
orbits we have
Ho−−·k|(U (λ),z)= H
o
−−·k|(Û ,ẑ) +
∫ λ
0
Ho++·H
o
−−·k|(U (µ),ẑ) dµ
= Ho−−·k|(Û ,ẑ) +
∫ λ
0
(
Ho0 +H
o
−−·H
o
++
)
·k|(U (µ),ẑ) dµ
= −F (ψ(Û), k(ψ(Û), ẑ)) +
∫ λ
0
Ho−−·F (·, k(·, ·))|(U (µ),ẑ) dµ
= −F (ψ(Û), k(ψ(Û), ẑ))−
∫ λ
0
Ho++·F (ψ(·), k(ψ(·), ·))|(ψ(U (µ)),ẑ)dµ
= −F (ψ(U (λ)), k(ψ(U (λ)), z)) .
Thus k solves the third equation in (5.17) at points of (C˜(0) ×V)· exp(CH
o
++)
as well. A similar argument shows that it solves the third equation also at the
points of the Ho0 -orbits in
((C˜(0) × V)· exp(CH
o
++))· exp(CH
o
0) = (C˜(0) × V) · B .
So, k solves (5.17) at all points of its domain.
Now, the new map k′(U, z) := k(ψ(U), z) satisfies
Ho0 ·k
′|(U,z) = −(H
o
0 ·k)|(ψ(U),z) = 0
Ho++·k
′|(U,z) = ψ∗(H
o
++)·k|ψ(U,z) = −H
o
−−·k|(ψ(U),z) = F (U, k(U, z))
Ho−−·k
′|(U,z) = ψ∗(H
o
−−)·k|(ψ(U),z) = −H
o
++·k|(ψ(U),z) = −F (ψ(U) , k(ψ(U), z)).
So, k and k′ are both solutions of the system
Ho0 ·h|(U,z) = 0
Ho++·h|(U,z) = F (U , k(U, z))
Ho−−·h|(U,z) = −F (ψ(U) , k(ψ(U), z))
(5.18)
with identical initial data k′|{I2}×V = k̂ = k|{I2}×V. We thus have k
′ ≡ k by the
uniqueness of local solutions of (5.18) and the connectedness of the domain
(C˜(0) × V)·B. This concludes the proof that k(U, z) = k(ψ(U), z).
We now show that the solution k extends holomorphically to a solution
defined on all of H|V. Since k(U, z) = k(ψ(U), z), we have
k|(( ζ ζ−1
1 1
)
,z
) = k|(( 1 −1
1−ζ ζ
)
,z
) for ζ ∈ C∗ .
Since k is holomorphic on (C˜(0)×V)·B and
((
1 −1
1−ζ ζ
)
, z
)
=
((
1 0
1−ζ 1
)
( 1 −10 1 ) , z
)
belongs to (C˜(0) × V)·B for any ζ ∈ C (including ζ = 0), it follows that for
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every z ∈ V the map on C∗
ζ 7−→ k|(( ζ ζ−1
1 1
)
,z
)
admits a holomorphic extension to ζ = 0. Now, the B-orbits of the points(
ζ ζ−1
1 1
)
=
(
ζ −1
1 0
)
( 1 10 1 ) generate the entire set
(C˜(∞) × V)·B =
⋃
ζ∈C,z∈V
((
ζ −1
1 0
)
( 1 10 1 ) , z
)
·B .
So we may take solutions of (5.12) along B-orbits having k
∣∣((
ζ ζ−1
1 1
)
,z
) as initial
values and combine them into a holomorphic extension of k to (C˜(∞)×V)·B.
In virtue of (5.15) and (5.16), k extends to H|V and, by continuity, it satisfies
(5.14) everywhere. 
Remark 5.6. Given a global solution k = (kic) : H|V → C
4n of (5.12), we set
k±c(U, z) := −u±i k
ic(U, z) , U = (ui±) ∈ Sp1(C) , z ∈ V.
For any k±c, the corresponding kia are recovered using the inverse formula
kia = ui+k
+a + ui−k
−a. The lemma says that there exists a global solution to
(5.12), (5.14) for any choice of initial values k̂±a = k±a|V×{I2} : V×{I2} → C
2n.
6. The existence of canonical hk-pairs
Proof of Theorem 4.5
To begin, we need the following:
Lemma 6.1. In every local equivalence class of hk-pairs of signature (4p, 4q)
there exists an hk-pair (A,M) with A central (Def. 3.4) and M ⊂ {I2} ×
{I2n} × C
4n.
Proof. As shown in Sect. 4.2, every hk-pair (A,M) is associated with a pseudo-
hyperka¨hler metric g onM . We may then use a local system of coordinates to
identify M with an open subset M ′ ⊂ R4n, g with a pseudohyperka¨hler metric
g′ on M ′ and the hk-frame A with the hk-frame A′ of holomorphic extensions
of vertical and horizontal vector fields of the covering of the holonomy bundle
of (M ′, g′) with structure group Sp1× Spn. This means that (A,M) is locally
equivalent to (A′,M ′) and the explicit construction of the holomorphic exten-
sions that give the vector fields in A′ (see Lemma A16) shows that that A′ is
a central hk-frame and M ′ ⊂ {I2}×{I2n}×C
4n. 
It follows from this lemma that in order to prove that every equivalence class
of hk-pairs includes a canonical one, it suffices to show the following: Given
an hk-pair (A,M), with A = (Ho0 , H
o
±±, E
o
A, e±a) central and M contained
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in {I2}×{I2n}×C
4n and passing through e = (I2, I2n, 0), there exists a local
biholomorphism ϕ : U → U′, with ϕ(e) = e, between two appropriate open
sets mapping A into a canonical hk-frame ϕ∗(A) having central coordinate
components ϕ = (ϕab , ϕ
i
±, ϕ
ia) with ϕi±(U,B, z) = u
i
±. Indeed, if we are able
to prove this, we immediately have that (ϕ∗(A), ϕ(M)) is a canonical hk-pair
in the local equivalence class of (A,M), as desired.
Let (A,M) be an hk-pair on an appropriate open subset U ⊂ P with A =
(Ho0 , H
o
±±, E
o
A, e±a) central and M ⊂ {I2}× {I2n}×C
4n. With no loss of gen-
erality, we may assume that the restriction of e−a to V = U∩{I2}×{I2n}×C
4n
has the form e−a|V =
∂
∂z−a
∣∣
V
+ AB−aE
o
B|V. Indeed, this form can always be at-
tained by applying a biholomorphism of the form (U,B, z) 7→ (U,B, ψ(z)) to
(A,M), for some appropriate local transformation ψ of C4n. Such appropriate
transformation ψ surely exists because the images of the vector fields e−a on
C4n under the standard projection π : P→ C4n are commuting vector fields.
Let us now show the existence of a local biholomorphism ϕ, with ϕi±=u
i
±,
that maps A to a canonical hk-frame. We denote the components in central co-
ordinates of the required biholomorphism as ϕ = (ϕA) = (ϕi±= u
i
± , ϕ
a
b , ϕ
ia)
and those in analytic coordinates as (ϕi±=u
i
± , ϕ
a
b , ϕ
±a= − u±i ϕ
ia). The im-
ages of the vector fields in A under such a biholomorphism ϕ have the form:
ϕ∗(H
o
0) = H
o
0 +H
o
0 ·ϕ
a
b
∂
∂Bab
+Ho0 ·ϕ
ia ∂
∂zia
= Ho0 +H
o
0 ·ϕ
a
b
∂
∂Bab
+ (Ho0 ·ϕ
+a − ϕ+a)
∂
∂z+a
+ (Ho0 ·ϕ
−a + ϕ−a)
∂
∂z−a
ϕ∗(H
o
±±) = H
o
±± +H
o
±±·ϕ
a
b
∂
∂Bab
+Ho±±·ϕ
ia ∂
∂zia
ϕ∗(E
o
B) = E
o
B·ϕ
ia ∂
∂zia
+ EoB·ϕ
a
b
∂
∂Bab
ϕ∗(e±a) = e±a·ϕ
c
b
∂
∂Bcb
+ e±a·ϕ
ib ∂
∂zib
.
Hence the pushed-forward hk-frame ϕ∗(A) is canonical if and only if ϕ satisfies
the following four conditions.
i) ϕ∗(E
o
B) − E
o
B = 0, which means that ϕ
ia does not depend on Bab and ϕ
a
b
has the form
ϕab
(
(ui±), (B
e
f), (z
ja)
)
= ϕac
(
(ui±), I2, (z
ja)
)
Bcb (6.1)
ii) ϕ∗(H
o
0)−H
o
0 = 0 and ϕ∗(e+a)− e
o
+a = 0, which are equivalent to
Ho0 · ϕ
a
b = 0 , H
o
0 · ϕ
±a = ∓ϕ±a, (6.2)
e+a · ϕ
c
b = 0 , e+a · ϕ
−b = 0 , e+a · ϕ
+b = ϕba (6.3)
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iii) the components v+b++ of the vector field
H++ = ϕ∗(H
o
++) = H
o
++ + v
±b
++e
o
±b + A
B
++E
o
B ,
which are given by v+b++ = −u
+
i (H
o
++·ϕ
ib) = Ho++·ϕ
+b − ϕ−b, are such that
v+b++|{z+a=0} = 0
iv) the components v−b−a of of the vector field
δe−a = ϕ∗(e−a)− e
o
−a = v
±b
−ae
o
±b + A
B
−aE
o
B ,
which are given by v−b−a = e−a·ϕ
−b − ϕab , are identically equal to 0.
It remains to prove that there exists a ϕ = (ϕi±=u
i
± , ϕ
a
b , ϕ
ia) satisfying (i)-
(iv), with ϕ(I2, I2n, 0)= (I2, I2n, 0). First we define V̂ := V∩{z
+a=0}, with
V := U ∩ {I2} × {I2n} × C
4n, and consider a holomorphic map
(g−b) : H|
V̂
· Spn(C) := Sp1(C)× Spn(C)× V̂→ C
2n
independent of B, with charge +1, such that g−b(I2, I2n, 0) = 0 and
e−a·g
−b|(I2,I2n,0) = δ
b
a. Second, we set
gba : H|V̂ · Spn(C)→ C , g
b
a := e−a·g
−b . (6.4)
Third, using Lemma 5.3, we determine functions g+a : H|
V̂
· Spn(C) → C
satisfying
Ho0 · g
+b = −g+b, Ho++ · g
+b = g−b, (6.5)
with initial data chosen to be independent of B and with g+a(I2, I2n, 0) = 0.
We now extend the functions g±a, gcd : H|V̂ · Spn(C) → C to holomorphic
functions ϕ±c, ϕcd on an appropriate open set U = H|V · Spn(C) as follows.
First, we consider the points y ∈ P of the form
y(x, t1, . . . , t2n) := Φ
e+1
t1
◦ . . . ◦ Φ
e+2n
t2n
(x) , x ∈ P|
V̂
, tj ∈ ∆ε(0) ⊂ C , (6.6)
where Φ
e+b
s is the holomorphic flow of the vector field e+b parametrised by s.
Second, we set
ϕ−b(y(x, t1, . . . , t2n)) := g−b(x) ,
ϕ+b(y(x, t1, . . . , t2n)) := gba(x)t
a + g+b(x),
ϕbc(y(x, t
1, . . . , t2n)) := gbc(x).
By construction, the map ϕ = (ϕi± = u
i
±, ϕ
a
b , ϕ
±a) is such that ϕ(I2, I2n, 0) =
(I2, I2n, 0) and it satisfies (i). Since g
a
b , g
±a satisfy (6.4) and (6.5), the map
ϕ is a solution of (6.2), (6.3), hence it satisfies (ii). Moreover, (6.5) implies
(Ho++·ϕ
+b − ϕ−b)|{z+a=0} = 0, so that (iii) holds. Finally, from (6.4) we see
that also (iv) is satisfied, meaning that ϕ is a bridge.
To conclude the proof of Theorem 4.5, it remains to show that canonical
hk-pairs with the same v-potential have the same hk-frame and are locally
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equivalent. Let (A,M), (A′,M ′) be canonical hk-pairs on an appropriate open
set U ⊂ P, with bridges ϕ , ϕ′ and identical v-potentials,
v−a++|H|V = v
′−a
++|H|V , H|V := U ∩H .
We claim that all components of H++ (and, similarly, of H
′
++) are completely
determined by the v-potentials v−a++|H|V (= v
′−a
++|H|V). For this, we first ob-
serve that [Ho0 , H++] = 0 implies that the components v
−a
++ , v
+a
++ , A
B
++(E
o
B)
b
a
of H++ have charges k = 3 , 1 and 2, respectively. Further, the relation
[EoA, H++] = 0 implies that these components are spn(C)-equivariant and
hence are uniquely determined by their restrictions to H|V. It therefore suf-
fices to check that v+a++|H|V, A
B
++(E
o
B)
b
a|H|V are uniquely determined by the
v-potential v−a++|H|V.
We now recall that eo+a = [H++ , e−a] and [H++ , e
o
+a] = 0. Expanding all
vector fields in terms of the flat hk-frame, we get
eo+a = [H++ , e−a] = [H
o
++ + v
±b
++e
o
±b + A
A
++E
o
A , e
o
−a + v
+b
−ae
o
+b + A
B
−aE
o
B]
= δbae
o
+b +H
o
++·v
+b
−ae
o
+b +H
o
++·A
B
−aE
o
B − e
o
−a·v
+b
++e
o
+b − e
o
−a·v
−b
++e
o
−b
+ v+c++e
o
+c·v
+b
−ae
o
+b + v
−c
++e
o
−c·v
+b
−ae
o
+b − v
+c
−ae
o
+c·v
+b
++e
o
+b − v
+c
−ae
o
+c·v
−b
++e
o
−b
+ v+c++e
o
+c·A
B
−aE
o
B + v
−c
++e
o
−c·A
B
−aE
o
B + A
B
++(E
o
B)
b
ae
o
−b − e
o
−b·A
B
++E
o
B
+ AA++(E
o
A)
c
av
+b
−ce
o
+b − v
+c
−ae
o
+c·A
B
++E
o
B + A
A
++(E
o
A)
c
aA
B
−cE
o
B
=
(
−eo−a·v
−b
++ − v
+c
−ae
o
+c·v
−b
++ + A
A
++(E
o
A)
b
a
)
eo−b mod {e
o
+b, E
o
B} ,
0 = [H++ , e
o
+a] = [H
o
++ + v
±b
++e
o
±b + A
A
++E
o
A , e
o
+a]
=
(
AA++(E
o
A)
b
a − e
o
+a·v
+b
++
)
eo+b − e
o
+a·v
−b
++e
o
−b − e
o
+a·A
A
++E
o
A .
It follows that
eo+a · v
−b
++ = 0 ,
AA++(E
o
A)
b
a = e
o
−a · v
−b
++ + v
+c
−a e
o
+c · v
−b
++ = e
o
−a · v
−b
++ ,
eo+a · v
+b
++ = A
A
++(E
o
A)
b
a = e
o
−a · v
−b
++ .
(6.7)
Since v+a++|{z+a=0} = 0, these equations show that v
+a
++ and A
B
++(E
o
B)
b
a are
uniquely determined by the (first derivatives of the) functions v−b++, as claimed.
So H++ (and H
′
++) is completely determined by the v-potential, as claimed.
Since the two v-potentials are equal, it follows also that H++ = H
′
++.
Now, applying the inverse of the bridge ϕ to both hk-frames A and A′ we
obtain the new hk-frames
ϕ−1∗ (A) = (H
o
0 , H
o
++, H
o
−−, E
o
A, ê±a := ϕ
−1
∗ (e±a)) ,
ϕ−1∗ (A
′) = (Ho0 , H
o
++, Ĥ
′
−− := ϕ
−1
∗ (H
′
−−), E
o
A, ê
′
±a := ϕ
−1
∗ (e
′
±a)) ,
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where we used the facts that H++ = H
′
++ and that ϕ is a bridge from a central
hk-frame to the canonical hk-frame A. Now, if we can prove that Ĥ ′−− = H
o
−−,
it would immediately follow that H ′−− = ϕ∗(Ĥ
′
−−) coincides with H−− and
that e′−a = [H
′
−−, e
o
+a] = [H−−, e
o
+a] = e−a, meaning that A = A
′.
Since ϕi± = u
i
±, the vector field Ĥ
′
−− has the form
Ĥ ′−− = H
o
−− + v
+a
−−e
o
+a + v
−a
−−e
o
−a + A
B
−−EB .
On the other hand,
[Ho0 , Ĥ
′
−−] = ϕ
−1
∗ ([H
o
0 , H
′
−−]) = ϕ
−1
∗ (−2H
′
−−) = −2Ĥ
′
−− .
Thus the components v+a−− , v
−a
−− and A
B
−− have charges −3, −1 and −2, re-
spectively. Further,
Ho0 = ϕ
−1
∗ ([H
′
++, H
′
−−]) = [H
o
++, Ĥ
′
−−]
= [Ho++ , H
o
−− + v
+a
−−e
o
+a + v
−a
−−e
o
−a + A
B
−−EB]
implies that
Ho++ · v
+a
−− + v
−a
−− = 0 , H
o
++ · v
−a
−− = 0 , H
o
++ · A
B
−− = 0 .
Since the functions v+a−− , v
−a
−− and A
B
−− are negatively charged, they vanish by
Lemma 5.3. Thus Ĥ ′−− = H
o
−− and A = A
′, as required.
We now observe that by definition of hk-pairs, the Spp,q-orbits of the points
of M and M ′ (namely, the submanifolds U(Spp,q), U′(Spp,q) ⊂ U defined in
(4.3)) determine two integral submanifolds of the distribution generated by
the vector fields in αA(R)(V
τ + spp,q). Since e = (I2, I2n, 0) belongs to both
of them, U(Spp,q) = U′(Spp,q) and M ′ can be identified with a section of the
(trivial) Spp,q-bundle π : U
(Spp,q) ≃ M × Spp,q → M . So, if we construct
pseudo-hyperka¨hler metrics g and g′ onM andM ′, respectively, as in Sect.4.2,
we see that the projection π|M ′ : M
′ → M maps the vielbeins of (M ′, g′) onto
vielbeins of (M, g) and is therefore an isometry between (M ′, g′) and (M, g).
Proposition 4.3 implies that (A,M) and (A = A′,M ′) are locally equivalent.
This concludes the proof of Theorem 4.5.
7. Parameterisation of canonical hk-pairs
Proof of Theorem 4.6
The proof is divided into two steps. We first need to prove that for every
prepotential L(+4) there exists a canonical hk-pair whose v-potential is related
to L(+4) by (4.8). We then need to prove the converse statement: every
canonical hk-pair has a uniquely associated prepotential satisfying (4.8).
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Step 1: Existence of a canonical hk-pair for every prepotential
Consider a charge k=4 holomorphic map L(+4) : H|V → C on an harmonic
space H|V satisfying (4.7). It follows from (6.7) that if there exists an hk-pair
(A,M) with v-potential satisfying (4.8), then the components of the vector
field
H++ = H
o
++ + v
+c
++e
o
+c + v
−c
++e
o
−c + A
C
++E
o
C (7.1)
necessarily have the following form at any point x·B ∈ U := H|V·Spn(C),
x ∈ H, B ∈ Spn(C),
v−a++|x·B = (B
−1)ac ω
cd∂L(+4)
∂z−d
∣∣∣
x
AB++(E
o
B)
a
b |x·B = (B
−1)ac B
d
b ω
ce ∂
2L(+4)
∂z−d∂z−e
∣∣∣
x
v+a++|x·B = (B
−1)ab v˜
+b
++|x .
(7.2)
Here (ωab) = (ωab)
−1 and the functions v˜+a++ : H|V → C
2n are solutions to the
differential problem
∂v˜+a++
∂z+b
= ωac
∂2L(+4)
∂z−b∂z−c
, v˜+a++|{z+a=0} ≡ 0 .
Since eo+a·L(+4) =
∂L(+4)
∂z+a
= 0, this has a unique solution, linear in z+b,
v˜+a++ = ω
ac ∂
2
L(+4)
∂z−b∂z−c
z+b . (7.3)
Now, as an ansatz we takeH++ with components thus determined by L(+4) and
we search for a local biholomorphism ϕ, with ϕ(I2, I2n, 0) = (I2, I2n, 0), whose
components in central coordinates satisfy a system of differential equations
which corresponds to a special subset of the conditions that characterise a
bridge. In the next three lemmata, we shall show that: a) these equations
admit at least one global solution ϕ on H|V (Lemma 7.1), b) in the class of
global solutions there exists one satisfying a special set of initial conditions
(Lemma 7.3), c) using such a special solution we may construct an hk-pair
(A,M) having L(+4) as prepotential and the map ϕ as a bridge (Lemma 7.4).
These lemmata will conclude the proof of Step 1.
Lemma 7.1. On an appropriate open set U = H|V · Spn(C) ⊂ P, the differ-
ential equations
ϕ∗(E
o
A) = E
o
A , ϕ∗(H
o
0) = H
o
0 , ϕ∗(H
o
++) = H++ , (7.4)
admit at least one global solution ϕ : U→ U with ϕi± = u
i
± .
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Proof. In virtue of (2.4), the differential equations take the form
(EoB · ϕ
A)
∂
∂xA
= ϕac (E
o
B)
c
b
∂
∂Bab
, (7.5)
(Ho0 · ϕ
A)
∂
∂xA
= ϕi+
∂
∂ui+
− ϕi−
∂
∂ui−
, (7.6)
(Ho++ · ϕ
A)
∂
∂xA
= ϕi+
∂
∂ui−
+ v±b++
∣∣
ϕ
ϕabϕ
j
±
∂
∂zja
+ AB++
∣∣
ϕ
ϕac(E
o
B)
c
b
∂
∂Bab
. (7.7)
To prove the existence of solutions with ϕi± = u
i
±, we first note that solutions
of (7.5) are maps such that a) the components ϕia do not depend on B,
i.e. ϕia = ϕia((ui±), (z
ja)), and b) the components ϕab satisfy eq. (6.1), with
ϕab ((u
i
±), (z
jc)) denoting the restriction ϕab |H . Thus the problem reduces to
looking for holomorphic functions ϕac , ϕ
ia on H|V satisfying (7.6) and (7.7),
with ϕi± = u
i
±. These equations say that ϕ
a
c , ϕ
ia have charge 0 and using
(7.2)-(7.3) we obtain
Ho++ · ϕ
ia = v+b++|ϕϕ
a
b u
i
+ + v
−b
++|ϕϕ
a
b u
i
−
= ui+ω
ac ∂
2L(+4)
∂z−b∂z−c
∣∣∣
(ui
±
,ϕja)
u+j ϕ
jb + ui−ω
ad∂L(+4)
∂z−d
∣∣∣
(ui
±
,ϕja)
(7.8)
Ho++ · ϕ
a
b = ϕ
a
c A
B
++|ϕ (E
o
B)
c
b = ϕ
c
b ω
ad ∂
2L(+4)
∂z−c∂z−d
∣∣∣
(ui
±
,ϕja)
. (7.9)
Now, writing ϕab = (e
ψ)ab with ψ : H|V → C
2n ⊗ C2n, equation (7.9) takes the
form
Ho++ · ψ
a
b = ω
ac ∂
2L(+4)
∂z−c∂z−b
∣∣∣
(ui
±
,(ϕia))
. (7.10)
Equation (7.8) decouples. Its right hand side has charge k = 2, so by Lemma
5.4, it admits a global solution ϕia on H|V. Inserting this in (7.10), we obtain
a inhomogeneous linear equation for ψab , which admits a global solution by
Lemma 5.3. 
Remark 7.2. Since H++·u
+
i = −u
−
i , H++·u
−
i = 0, writing ϕ
±a := −u±j ϕ
ja,
equation (7.8) allows the convenient reformulation
Ho++ · ϕ
−a = ωab
∂L(+4)
∂z−b
∣∣∣
(ui
±
,ϕ−c)
, (7.11)
Ho++ · ϕ
+a = ϕ+bωac
∂2L(+4)
∂z−b∂z−c
∣∣∣
(ui
±
,(ϕ−d))
+ ϕ−a. (7.12)
Note that the first equation is a nonlinear differential equation in ϕ−a only,
while the second is linear and inhomogeneous in the remaining variable ϕ+a.
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Lemma 7.3. There exists a global solution ϕ = (ϕi± = u
i
± , ϕ
a
b , ϕ
ia) to the
system (7.4) on an appropriate open set U = H|V·Spn(C) satisfying the addi-
tional condition
ϕ+a|{I2}×V = (−H−− · ϕ
−a + c+a)|{I2}×V , ϕ
a
b |{I2}×V = δ
a
b , (7.13)
where ϕ±a := −u±j ϕ
ja and c+a := H−− · ϕ
−a|(I2,0) .
Proof. Let ϕ˜ = (ϕ˜i± = u
i
± , ϕ˜
a
b , ϕ˜
ia) be a global solution to (7.4) on an appro-
priate open set U = H|V · Spn(C). As shown in the proof of Lemma 7.1, ϕ˜
ia
and ϕ˜ab are solutions to (7.11), (7.12) and (7.10). We now consider the linear
system for functions ϕ′±a
Ho++ · ϕ
′−a = 0 ,
Ho++ · ϕ
′+a = ϕ′+bωac
∂2L(+4)
∂z−b∂z−c
∣∣∣
(ui
±
,(ϕ˜−d))
+ ϕ˜−a
Writing ϕ′ia := ui+ϕ
′+a + ui−ϕ
′−a, we obtain a system for functions ϕ′ia satis-
fying the hypotheses of Lemma 5.4. Therefore (see Rem. 5.6) there exists a
global solution ϕ′ia to this system satisfying the initial conditions
ϕ′+a|{I2}×V =
(
−Ho−− · ϕ˜
−a + c+a − ϕ˜+a
)
|{I2}×V .
Inserting
ϕia := ui+(ϕ˜
+a + ϕ′+a) + ui−ϕ˜
−a
in (7.10), we choose a global solution ψab satisfying ψ
a
b |{I2}×V = 0; it exists by
Lemma 5.3. A direct check shows that ϕ = (ϕi± = u
i
±, ϕ
a
b = (e
ψ)ab , ϕ
ia) is a
global solution to (7.11), (7.12) and (7.10) and thus to (7.4). It is defined on
an appropriate open set and satisfies (7.13). 
Lemma 7.4. Let
i) H++ be the vector field defined by (7.1)-(7.3),
ii) ϕ : U ⊂ P → U ⊂ P, with ϕi± = u
i
±, be a global solution to the differential
equations (7.4) on an appropriate open set U = H|V·Spn(C) satisfying the
condition (7.13) and
iii) H−− := ϕ∗(H
o
−−) , e+a := e
o
+a , e−a := [H−−, e
o
+a] .
Then A := (Ho0 , H±±, E
o
A, e±a) is a canonical hk-frame with v-potential satis-
fying (4.8) and there exists a 4n-dimensional real submanifold M ⊂ U so that
(A,M) is a canonical hk-pair with bridge ϕ.
Proof. We first prove that A is an hk-frame. Consider the vector fields ê±a :=
ϕ−1∗ (e±a). By construction Â =
(
Ho0 , H
o
±±, E
o
A, ê±a
)
is such that ϕ∗(Â) = A.
So the proof that A is an hk-frame reduces to showing that Â is an hk-frame.
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The vector fields ê±a may be expressed in terms of the flat hk-frame,
ê±a = v̂
+b
±ae
o
+b + v̂
−b
±ae
o
−b + v̂
++
±a H
o
++ + v̂
0
±aH
o
0 + v̂
−−
±a H
o
−− + Â
A
±aE
o
A,
where the components v̂±b±a , v̂
±±
±a , v̂
0
±a , Â
A
±a are holomorphic functions. Since
ϕ∗(E
o
A) = E
o
A and ϕ∗(ê+a) = e+a = e
o
+a, we have that du
i
±(ϕ∗(ê+a)) = 0.
Inserting the above expression for ê+a we have
0 = dui±
(
v̂+b+aϕ∗(e
o
+b) + v̂
−b
+aϕ∗(e
o
−b) + v̂
++
+a H
o
++ + v̂
0
+aH
o
0 + v̂
−−
+a H
o
−−
)
= dui±
(
v̂+++a H
o
++ + v̂
0
+aH
o
0 + v̂
−−
+a H
o
−−
)
, since ϕi± = u
i
± .
Since Ho0 , H
o
++ and H
o
−− are linearly independent at each point, it follows
that
v̂+++a = v̂
0
+a = v̂
−−
+a = 0 . (7.14)
Further, since ê−a = ϕ
−1
∗ ([H−−, e
o
+a]) = [H
o
−−, ê+a], we find that ê−a has no
component along Ho0 and H
o
±± , i.e.
v̂++−a = v̂
0
−a = v̂
−−
−a = 0 . (7.15)
We now check that the Lie brackets between ê±a and the other fields in Â
have the required form. By direct computation:
[EoA, ê+a] = ϕ
−1
∗ ([E
o
A, e
o
+a]) = (E
o
A)
b
a ϕ
−1
∗ (e
o
+a) = (E
o
A)
b
a ê+b
[EoA, ê−a] = ϕ
−1
∗ ([E
o
A, [H−−, e
o
+a]]) = (E
o
A)
b
a ϕ
−1
∗ ([H−−, e
o
+b]) = (E
o
A)
b
a ê−b
[Ho0 , ê+a] = ϕ
−1
∗ ([H
o
0 , e
o
+a]) = ê+a
[Ho0 , ê−a] = ϕ
−1
∗ ([H
o
0 , [H−−, e
o
+a]])
= −2ϕ−1∗ ([H−−, e
o
+a]) + ϕ
−1
∗ ([H−−, e
o
+a]) = −ê−a
[Ho++, ê+a] = ϕ
−1
∗ ([H++, e
o
+a]) = −ϕ
−1
∗ ((e
o
+a·v
±b
++) e
o
±b + (e
o
+a·A
B
++)E
o
B) = 0 .
The last equality follows from (7.2) and eo+a·L(+4) = 0. Further,
[Ho++, ê−a] = ϕ
−1
∗ ([H++, [H−−, e
o
+a]]) = [H
o
++, [H
o
−−, ê+a]] = [H
o
0 , ê+a] = ê+a
and by construction [Ho−−, ê+a] = ê−a. It remains to verify that X−−−a :=
[Ho−−, ê−a] = 0 and that Ŷab := [ê+a, ê−b] has terms only in the directions of
the EoA. Expanding X−−−a in the vector fields of the flat hk-frame A
o,
X−−−a = X
±b
−−−ae
o
±b +X
0
−−−aH
o
0 +X
±±
−−−aH
o
±± +X
A
−−−aE
o
A ,
we see that since [Ho0 , X−−−a] = −2[H
o
−−, ê−a] − [H
o
−−, ê−a] = −3X−−−a ,
each component of X−−−a has a negative charge. Further, from the expansion
in the flat hk-frame of the equality
[Ho++, X−−−a] = [H
o
0 , ê−a] + [H
o
−−, ê+a] = −ê−a + ê−a = 0 , (7.16)
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we find that Ho++·X
−b
−−−a = H
o
++·X
−−
−−−a = H
o
++·X
A
−−−a = 0 . It follows from
Lemma 5.3 a) that X−b−−−a = X
−−
−−−a = X
A
−−−a = 0. Expanding once again
(7.16) in the flat hk-frame and using the vanishing of these components, we get
that Ho++ ·X
+b
−−−a = H
o
++ ·X
0
−−−a = 0 . Lemma 5.3 a) then implies X
+b
−−−a =
X0−−−a = 0 and we get that the remaining component in the expansion of
(7.16) gives X++−−−a = 0. It follows that X−−−a = [H
o
−−, ê−a] = 0, as required.
Now, in the image ϕ(H|V) ⊂ P we have:
H−− = ϕ∗(H
o
−−) = H
o
−− + v
+a
−−e
o
+a + v
−a
−−e
o
−a + A
A
−−E
o
A (7.17)
e−b = ϕ∗(ê−b) = [H−−, e
o
+b] = e
o
−b + v
−c
−be
o
−c + v
+c
−be
o
+c + A
A
−bE
o
A . (7.18)
The components of these vector fields are:
v±a−−|(U,B,z) = −(u
±
i (e
−ψ)acH
o
−− · ϕ
ic)|Φ(U,B,z)
AB−−(E
o
B)
a
b |(U,B,z) = ((e
−ψ)acH
o
−− · ϕ
c
b)|Φ(U,B,z)
v+c−b|(U,B,z) = (A
B
−−(E
o
B)
c
b − e
o
+b · v
+c
−−)|(U,B,z)
v−c−b|(U,B,z) = −e
o
+b · v
−c
−−|(U,B,z)
AB−b(EB)
c
a|(U,B,z) = (−e
o
+b · (A
B
−−(EB)
c
a))|(U,B,z) ,
where we denote the inverse map of ϕ by Φ = ϕ−1 and write (ϕab) = (e
ψ)ab .
From this and (7.5) we see that v−c−b is entirely determined by the map ϕ as
follows:
v−c−b|(U,B,z) = e
o
+b|(U,B,z)·(u
±
i (e
−ψ)acH
o
−− · ϕ
ic|Φ(U,B,z))
= −
∂((e−ψ)ac (H
o
−−·ϕ
−c + ϕ+c))
∂Y M
∣∣∣
Φ(U,B,z)
∂ΦM
∂z+b
∣∣∣
(U,B,z)
=
(
(e−ψ)ac
∂ψcf
∂Bde
(Ho−−·ϕ
−f + ϕ+f)
)∣∣∣
Φ(U,B,z)
∂Φde
∂z+b
∣∣∣
(U,B,z)
+
(
(e−ψ)ac
∂ψcf
∂z±d
(
Ho−−·ϕ
−f + ϕ+f
))∣∣∣
Φ(U,B,z)
∂Φ±d
∂z+b
∣∣∣
(U,B,z)
−
(
(e−ψ)ac
∂
(
Ho−−·ϕ
−c + ϕ+c
)
∂z±d
)∣∣∣
Φ(U,B,z)
∂Φ±d
∂z+b
∣∣∣
(U,B,z)
(7.19)
where (Y M) = (ui±, B
a
b , z
±). To proceed we need the following technical
lemma.
Lemma 7.5. If ϕ satisfies (7.13), the components v−c−b of the vector field e−b
are identically equal to 0.
Proof. Expanding the relation e+b = [H++, e−b] in the flat basis, where H++
is the vector field in (7.1)-(7.3), and using the spn(C)-equivariance for the
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components of e−b implied by [E
o
A, e−b] = (E
o
A)
d
be−d , we have:
eo+b = [H++ , e−b]
=
[
H++ , (δ
c
b + v
−c
−b)e
o
−b + v
+c
+b e
o
+c + A
B
−b E
o
B
]
= (δcb + v
−c
−b)
[
H++ , e
o
−c
]
+H++·v
±c
−b e
o
±c +H++·A
B
−bE
o
B
= (δcb + v
−c
−b)
[
Ho++ + v
±d
++e
o
±d + A
C
++E
o
C , e
o
−c
]
mod 〈eo+c, E
o
B〉
=
(
H++ · v
−c
−b + (δ
d
b + v
−d
−b )(A
C
++(E
o
C)
c
d − e
o
−d · v
−c
++)
)
eo−c mod 〈e
o
+c, E
o
B〉.
Now, from (7.2), we have that
AC++(E
o
C)
c
d = e
o
−d · v
−c
++ ,
so the remaining components in the eo−c-directions imply that (H++·v
−c
−b)◦ϕ =
Ho++·(v
−c
−b ◦ ϕ) = 0. Since v
−c
−b has charge zero, we have (H
o
0 ·v
−c
−b) ◦ ϕ =
Ho0 ·(v
−c
−b ◦ ϕ) = 0 and the conditions for the applicability of Lemma 5.3 hold
for v−c−b ◦ϕ. We deduce that v
−c
−b is constant along orbits of H
o
0 , H++ and H−− ,
the images under the map ϕ of the orbits of Sp1(C) in harmonic space. Thus,
v−c−b = 0 everywhere on U if and only if v
−c
−b|ϕ({I2}×{I2n}×V) = 0. From (7.19),
this follows if and only if, for any z ∈ V,
0 =
( ∂ψcf
∂Bde
(Ho−−·ϕ
−f + ϕ+f)
)∣∣∣
(I2,I2n,z)
∂Φde
∂z+b
∣∣∣
ϕ(I2,I2n,z)
+
( ∂ψcf
∂z±d
(Ho−−·ϕ
−f + ϕ+f)
)∣∣∣
(I2,I2n,z)
∂Φ±d
∂z+b
∣∣∣
ϕ(I2,I2n,z)
−
(∂(Ho−−·ϕ−c + ϕ+c)
∂z±d
)∣∣∣
(I2,I2n,z)
∂Φ±d
∂z+b
∣∣∣
ϕ(I2,I2n,z)
This holds since the initial data satisfy (7.13). 
Since the functions v−c−b are identically vanishing, the vector fields e−b have
the form e−b = e
o
−b + v
+c
−be
o
+c + A
B
−bE
o
B. It follows that
Yab := ϕ∗(Ŷab) = [e
o
+a, e−b] = T
+c
ab e
o
+c +R
B
abE
o
B ,
with T+cab = e
o
+a·v
+c
−b − A
B
−b(E
o
B)
c
a and R
B
ab = e
o
+a·A
B
−b. From the equations
[Ho0 , [e+a, e−b]] = 0 and [H
o
++, [e+a, e−b]] = 0, we see that T
+c
ab has charge −1
and that H++·T
+c
ab = 0. By Lemma 5.3a), applied to the functions T˜
+c
ab :=
ϕ∗(T+cab ), it follows that T
+c
ab = 0 and that Ŷab = [ê+a, ê−b] = ϕ
−1
∗ ([e+a, e−b])
has terms only in the directions of the EoA, as required. This concludes the
proof that A is an hk-frame.
We now observe that the above construction, together with (7.18) and
Lemma 7.5, shows that A is in fact canonical and that ϕ is a bridge from
the central hk-frame Â = ϕ−1∗ (A) to A. It therefore remains to show that
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there exists a 4n-dimensional real submanifold M ⊂ U such that (A,M) is a
canonical hk-pair.
Let us consider the distribution D ⊂ TU, generated by
αÂ(R)(v)x , v ∈ V
τ , x ∈ U , and αÂ(R)(E) , E ∈ spn = spn(C)
τ ,
where αÂ(R) is the real absolute parallelism (4.1) associated with Â. Its image
D′ = π∗(D) ⊂ TV under the natural projection π : U→ V ≃ {I2}× {I2n}×V
is a totally real, 4n-dimensional distribution and it is is involutive by virtue
of the Lie brackets of vector fields in A. By Frobenius’ Theorem, D′ admits
integral submanifolds. Let M ′ ⊂ {I2} × {I2n} ×V be an integral submanifold
through e = (I2, I2, 0). We now show that M := ϕ(M
′) is totally real and
satisfies the conditions of Def. 4.1.
M is totally real because it is the image under a biholomorphism of a
totally real submanifold. Condition (i) of Def. 4.1 holds because ϕ is spn(C)-
equivariant and M ′ is transversal to the spn(C)-orbits. Finally, from (7.14)
and (7.15), the real absolute parallelism αA(R) associated with A = ϕ∗(Â) is
such that for any x = ϕ(y) ∈M = ϕ(M ′) and v ∈ V τ
αA(R)(v)x = ϕ∗(α
Â
(R)(v)y) ∈ ϕ∗
(
TyM
′ + αÂ(R)(spp,q)|y
)
= TxM + ϕ∗
(
αÂ(R)(spp,q)|y
)
= TxM + α
A
(R)(spp,q)|x .
Hence condition (ii) of Def. 4.1 holds as well. This concludes the proof that
(A,M) is a canonical hk-pair. 
Remark 7.6. The role of condition (7.13) in this proof is merely to simplify
the proof of the existence of a submanifold on which the functions v−a−b vanish.
Indeed, the argument at the end of Sect. 6 shows that for every pair of solu-
tions ϕ, ϕ′ of (7.4), the vector fields H−− = ϕ∗(H
o
−−) and H
′
−− = ϕ
′
∗(H
o
−−)
necessarily coincide. This means that any solution ϕ of (7.4), not necessarily
satisfying (7.13), can be used to construct the (unique) vector fields H−− and
e−a = [H−−, e
o
+a] required to complete the vector fields H
o
0 , H++, E
o
A, e
o
+a to a
canonical hk-frame.
Step 2: Existence of a prepotential for any canonical hk-pair
Let A = (Ho0 , H±±, E
o
A, e±a) be a canonical hk-frame defined on an appro-
priate open subset U ⊂ P. It follows from (3.1) and (3.2) that the maps
(v−a++), (v
+a
±±), (v
+b
−a) and (A
B
−a(E
o)bc), considered as components taking values
in V = C2n, gl2n(V ) and V⊗V
∗⊗V ∗, respectively, are spn(C)-equivariant.
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Further, we have
[H++, e+a] = [H
o
++ + v
±b
++e
o
±b + A
B
++E
o
B, e
o
+a] = 0
[H++, e−a] = [H
o
++ + v
±b
++e
o
±b + A
B
++E
o
B, e
o
−a + v
+c
−ae
o
+c + A
B
−aE
o
B] = e
o
+a .
Comparing components along eo−b on both sides of these equations, we see that
eo+a · v
−b
++ = 0 and e
o
−a · v
−b
++ = A
A
++(E
o
A)
b
a ∈ spn(C), or equivalently,
ωcb e
o
−a · v
−c
++ − ωca e
o
−b · v
−c
++ = 0 . (7.20)
This means that on H|V = U ∩H, we have
∂(ωcbv
−b
++)
∂z+a
= 0 ,
∂(ωcbv
−b
++)
∂z−a
=
∂(ωabv
−b
++)
∂z−c
, (7.21)
so that there exists a holomorphic prepotential L(+4) of charge k = 4 and
independent of z+a, such that
v−c++ = ω
bc∂L(+4)
∂z−b
, (ωab) = (ωab)
−1 . (7.22)
This prepotential is determined up to an arbitrary function depending only
on ui±, which is fixed by imposing the initial value L(+4)|Sp1(C)×{I2n}×{0} = 0.
8. Construction of a pseudo-hyperka¨hler metric from its
prepotential
In this section we summarise the correspondence between prepotentials and
metrics, giving a recipe to construct a real analytic pseudo-hyperka¨hler metric
from a specified prepotential L(+4) : H|V → C.
Step 1. Construct the vector field H++|H.
The vector field H++ of the canonical hk-pair, corresponding to L(+4) is of
the form H++ = H
o
++ + v
−b
++e
o
−b + v
+b
++e
o
+b + A
B
++E
o
B. The components of its
restriction H++|H|V are given by
v−b++
∣∣
H
= ωbc
∂L(+4)
∂z−c
, v+a++ = ω
ac ∂
2L(+4)
∂z−b∂z−c
z+b, AB++(E
o
B)
a
b
∣∣
H
= ωac
∂2L(+4)
∂z−b∂z−c
.
The components at other points of P|V = H|V · Spn(C) are determined using
Spn(C)-equivariance.
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Step 2. Construct a bridge ϕ.
Determine holomorphic functions ϕab and ϕ
±a on H|V by solving the system
of equations
Ho++ · ϕ
−a = ωab
∂L(+4)
∂z−b
∣∣∣∣
(ui
±
,ϕ−c)
Ho++ · ϕ
+a = ϕ+bωac
∂2L(+4)
∂z−b∂z−c
∣∣∣∣
(ui
±
,(ϕ−d))
+ ϕ−a
Ho++ · ϕ
a
b = ω
acϕdb
∂2L(+4)
∂z−c∂z−d
∣∣∣∣
(ui
±
,(ϕ−a))
,
with ϕab(I2, 0) = δ
a
b , ϕ
±a(I2, 0) = 0. Then extend ϕ
ia = −ui+ϕ
+a − ui−ϕ
−a,
as constant functions along Spn(C) orbits, to the appropriate open subset
U = H|V · Spn(C) ⊂ P and extend the ϕ
a
b |H|V to U using (6.1). Now set
ϕ = (ϕi± = u
i
±, ϕ
a
b , ϕ
ia).
Step 3. Construct the hk-frame A.
Set: H0 = H
o
0 , H−− = ϕ∗(H
o
−−) , EA = A
o
A , e+a = e
o
+a , e−a = [H−−, e
o
+a].
Step 4. Determine the manifold M for the hk-pair (A,M).
Consider the integrable distribution D′ on V ⊂ C4n spanned by the real and
imaginary parts of the vectors
ê(U)a |z := (π ◦ ϕ
−1)∗(e
o
+a|(U,z) + Ĵ
d
ce−d|(U,z))
ê
(U)
a+2n|z := (π ◦ ϕ
−1)∗(e−a|(U,z) − Ĵ
d
ce
o
+d)|(U,z)) ,
where (Ĵdc) := −I2p,2q·
(
0 −In
In 0
)
, U ∈ Sp1(C) and π : H|V → V is the standard
projection. We need to find an integral submanifold M ′ of D′ through 0 ∈ V.
This can be done, for instance, by choosing vector fields which locally generate
D′ and considering an orbit of 0 under the flows of these vector fields. Then, set
M = ϕ(M ′), whereM ′ is considered as a submanifold of {I2}×{I2n}×V ≃ V.
Step 5. Construct the pseudo-hyperka¨hler metric.
Find the dual coframe field A∗ = (H0, H±±, EA, e±a) of the hk-frame A =
(H0, H±±, EA, e±a). A pseudo-hyperka¨hler metric on M in the isometry class
associated with L(+4) is:
g =
2n∑
a=1
(
e+a ∨ e−a
)∣∣
TM×TM
.
To conclude this section, we summarise the inverse construction of a pre-
potential from a given pseudo-hyperka¨hler metric g. In order to determine
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this (non-unique) prepotential, we first construct an hk-pair (Â,M ′) asso-
ciated with g, following the procedure in the proof of Lemma A16. Here
Â=(Ho0 , H
o
±±, E
o
A, e±a) is a central hk-frame on U = H|V · Spn(C) ⊂ P and
M ′ ⊂ {I2}×{I2n}×V with e = (I2, I2n, 0) ∈ M
′. Applying a local biholomor-
phism of C4n if required, we may choose Â so that e−a|V =
∂
∂z−a
∣∣
V
+AB−aE
o
B|V.
Then, we construct a bridge ϕ = (ϕi± = u
i
±, ϕ
a
b , ϕ
±a = −u±i ϕ
ia) with ϕ(e) = e
by solving the differential problem
Ho0 · ϕ
−a = −ϕ−a, e−a · ϕ
−a = ϕab , e+a · ϕ
−b = 0 ,
Ho0 · ϕ
+a = ϕ+a, e+a · ϕ
+b = ϕab , H
o
0 · ϕ
a
b = 0 ,
together with the conditions:
i) ϕia is independent of Bab
ii) ϕab (U,B, z) = ϕ
a
c (U, I2n, z)B
c
b for any (U,B, z) ∈ U
iii) Ho++·ϕ
+b|{z+a=0} = ϕ
−b|{z+a=0}.
Computing H++ := ϕ∗(H
o
++), the restriction to H|V of the components v
−b
++
in the expansion H++ = H
o
++ + v
±b
++e
o
±b + A
B
++E
o
B gives the v-potential of
the metric. Finally, the z+a-independent potential L(+4) for the exact 1-form
α := ωabv
−b
++dz
−a on H|V, with L(+4)|Sp1(C)×{I2n}×{0} = 0, is the required pre-
potential.
Appendix A. G-structures and pseudo-hyperka¨hler manifolds
In this appendix we introduce real and complex g-structures, local reformu-
lations of G-structures in terms of vector fields. They provide a useful tool
for the investigation of local properties of manifolds with real analytic G-
structures.
In Sect. A1 we show that there exists a natural one-to-one correspondence
between local equivalence classes of (a) G-structures with connections and (b)
complete g-structures. This correspondence allows the formulation of ques-
tions on local equivalences of G-structures in terms of local equivalence prob-
lems among sets of vector fields.
We then discuss (Sect. A2) complexifications of real G-structures and real
forms of complex G-structures, with a view to expressing problems of equiva-
lence among real analytic G-structures in terms of holomorphic vector fields.
In Sect. A3 we discuss the particular case of G-structures corresponding to real
analytic pseudo-hyperka¨hler metrics. As our main result in Sect. A4, we prove
the bijection between local isometry classes of real analytic pseudo-hyperka¨hler
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metrics and local equivalence classes of hk-pairs, which was advertised in Sect.
4.2.
A1. G-structures and associated g-structures
We start with a slight generalisation of the classical notion of a G-structure.
Definition A1. Let G be a real Lie group admitting an almost exact lin-
ear representation ρ : G→GL(W ) , W = Rn, i.e. ker ρ is a discrete normal
subgroup. A G-structure (P, ϑ) on an n-dimensional manifold M is a prin-
cipal G-bundle π : P →M together with a soldering form ϑ : TP→W , a G-
equivariant W -valued 1-form which is strictly horizontal, namely the vertical
distribution T vP of P is such that T vuP = ker ϑu for any u ∈ P .
Remark A2. This definition can be thought of as a a minor generalisation of
the classical notion of aG-structure as aG-reduction of the linear frame bundle
L(M) of M (see e.g. [12, 14]). Various examples motivate this generalisation.
In particular, the Spinn-bundle of a Riemannian manifold (M, g) is not a G-
structure in the classical sense, but is indeed a Spinn-structure in the sense
of Def. A1. The relation between the two definitions may be understood as
follows. Let (eoi ) be a fixed basis of W and choose a point u ∈ P . Then find
n vectors êi ∈ TuP satisfying the equations ϑu(êi) = e
o
i . These vectors are
determined up to elements in ker ϑ = T vP , so that their projections ei :=
π∗(êi) ∈ Tπ(u)M , are uniquely associated with the point u ∈ P . Thus, there
exists a well-defined map
p˜ : P → L(M) , u 7→ p˜(u) := (ei) ⊂ Tπ(u)M .
In virtue of the G-equivariance of ϑ, we may check that p˜ is G-equivariant,
namely that p˜(u·g) = p˜(u)·ρ(g), for u ∈ P and g ∈ G. This property, together
with the assumption that ρ : G→ GL(W ) is almost exact, implies that P ′ :=
p˜(P ) ⊂ L(M) is a ρ(G)-reduction of L(M), that p : P → P ′, p(u) := p˜(u), is
a covering map and that ϑ = p∗(ϑ′), where ϑ′ is the soldering form of P ′.
Summing up, a G-structure, as defined in Def.A1, always admits a covering
map p : P → P ′ onto a ρ(G)-reduction P ′ of the linear frame bundle L(M)
such that ϑ is the pullback, ϑ = p∗(ϑ′), of the soldering form ϑ′ of P ′⊂L(M).
We recall that a connection on a principal G-bundle π : P →M = P/G is a
G-equivariant g-valued 1-form ω : TP → g = Lie(G), for which the restriction
ω|T vuP to any vertical subspace T
v
uP coincides with the inverse of the canonical
identification ν : g → T vuP between g and T
v
uP . A connection ω : TP → g on
a G-structure (π : P →M , ϑ) yields a Cartan connection,
κ := ω + ϑ , κ : TP → q := g+W , (A1)
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namely a q-valued 1-form which a) has trivial kernel, b) extends the natural
isomorphism ν−1 : T vuP → g at every u ∈ P and c) satisfies (R
∗
gκ)(v) =
Adg−1(κ(v)) for g ∈ G and v ∈ TP , where Rg : P → P is the right action of g
on P . The notion of a Cartan connection is related to the following:
Definition A3. An absolute parallelism on an n-dimensional manifold N is
an R-linear map from a fixed n-dimensional real vector space, say Rn, into the
space of smooth vector fields X(N),
β : Rn → X(N) ,
with the property that the induced map βx : R
n → TxN , βx(v) := β(v)|x, is
an isomorphism of vector spaces for each x ∈ N .
The existence of an absolute parallelism β on N is equivalent to the existence
of a set {X1, . . . , Xn} of n vector fields Xi ∈ X(N), such that for every x ∈ N
the vectors X1|x, . . . , Xn|x form a basis of TxN . In fact, for a given β, such
vector fields are images Xi = β(e
o
i ) of the elements of some basis (e
o
i ) of R
n.
It follows immediately that if κ is the q-valued one-form (A1), the R-linear
map
α : q = g+W → X(P ) , α(X)|u := κ
−1
u (X) for u ∈ P , X ∈ q , (A2)
is an absolute parallelism on P . So, if (eo1, . . . , e
o
n) and (E
o
1 , . . . , E
o
N) are two
fixed bases for W and g, respectively, the absolute parallelism α and conse-
quently κ (which is the inverse of α in the sense of (A2)) are uniquely deter-
mined by the corresponding set of vector fields A = (ei = α(e
o
i ), EA = α(E
o
A)),
which provides a field of linear frames for the tangent spaces of P . The abso-
lute parallelism α, constructed from a connection on a G-structure (P, ϑ), is an
example of special class of absolute parallelisms, which we call g-structures.
Let g ⊂ gl(W ) be a real linear Lie algebra and q := g + W the associated
nonhomogeneous Lie algebra, with [W,W ] = 0 and [A , v] = A·v for A ∈ g
and v ∈ W .
Definition A4. Let P be a manifold with dimP = dim q. A g-structure is
an absolute parallelism α : q → X(P ) , q := g +W , satisfying the following
Lie bracket relations:
[α(A), α(B)] = α([A,B]) , A ∈ g , B ∈ q . (A3)
Two g-structures α, α′ on P are equivalent if there exists a diffeomorphism ϕ
of P such that α′ = ϕ∗ ◦ α. The vertical and horizontal distributions of a
g-structure are the distributions V and H in TP generated by α(g) and α(W ),
respectively.
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The brackets not included in (A3), between a pair of horizontal vector fields
α(v) and α(v′) , v, v′ ∈ W , take the form
[α(v), α(v′)] = T (v, v′) +R(v, v′) , v, v′ ∈ W , (A4)
where we denote by T (v, v′) and R(v, v′) the components of [α(v), α(v′)] along
H and V respectively. The maps
Tu ∈ Hom(Λ
2W,W ) , Tu(v, v
′) := α−1u (T (v, v
′)|u)
Ru ∈ Hom(Λ
2W, g) , Ru(v, v
′) := α−1u (R(v, v
′)|u) ,
are respectively called torsion and curvature of the g-structure α at u ∈ P .
These generalise the classical notions of torsion and curvature of a connection.
As we shall see, if α satisfies certain additional conditions, there exists a right
G-action on P , aW -valued 1-form ϑ and a connection 1-form ω on P such that
(P, ϑ, ω) is a G-structure with a connection having the property that ω+ϑ =
α−1, in the sense of (A2). Then, given bases (EoA) of g and (e
o
i ) of W , the
components T kij and R
A
ij of Tu = T
k
ije
o
k⊗e
oi⊗eoj and Ru = R
A
ijE
o
A⊗e
oi⊗eoj are
precisely the components of the torsion and of the curvature of the connection
ω in the linear frame (ei) = p(u) ∈ P
′ ⊂ L(M) (see Remark A2).
Remark A5. The conditions (A3) are tantamount to the following:
a) The map α|g : g→ α(g) is a faithful representation of g in the Lie algebra
of vector fields.
b) The adjoint representation of α(g) in α(W ) is equivalent to the linear
representation of g ⊂ gl(W ) on W .
Definition A6. A g-structure α on P is called complete if
a) the Lie algebra α(g) of vector fields of P defines a free right action of a
corresponding connected Lie group G on P and
b) the orbit spaceM = P/G is a smooth manifold and the projection π : P →
M = P/G is a locally trivial fibration.
The absolute parallelism α on a G-structure (P, ϑ) with a connection ω given
in (A2) is a complete g-structure. The following proposition shows that this
correspondence is in fact invertible. Thus complete g-structures are in bijec-
tion with G-structures endowed with a connection.
Proposition A7. Let α be a complete g-structure on a manifold P , which
has a free right G-action ρ : P ×G→ P . Then there exists
i) a W-valued 1-form ϑ : TP → W , such that (P, ϑ) is a G-structure and
ii) a connection ω on the G-structure (P, ϑ),
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with the property that the Cartan connection κ = ω + ϑ is the inverse of the
map α in the sense of eq. (A2).
Proof. By completeness, P is a principal G-bundle over M = P/G, where G
is the connected group generated by the Lie algebra of vector fields α(g) ⊂
X(P ). By Remark A5b), G has a linear representation on the vector space
α(W ) ≃W . This defines an almost exact representation of G in W .
Now, for X ∈ TuP , u ∈ P , consider the natural projections (X)
H and (X)V
onto the horizontal and vertical subspaces Hu,Vu ⊂ TuP . Since α(W ) and
α(g) generate H and V, respectively, there exist unique elements v ∈ W , E ∈
g such that α(v)|u = (X)
H and α(E)|u = (X)
V. Thus, the horizontal and
vertical projections provide the mappings
ϑu : TuP ∋ X 7−→ v ∈ W
ωu : TuP ∋ X 7−→ E ∈ g .
By construction, ϑ is G-equivariant, (P, ϑ) is a G-structure, ω is a connection
on the G-bundle π : P →M = P/G and ω + ϑ = α−1. 
A2. Complex G-structures and their real forms
Given a complex manifold (N, J), its holomorphic and anti-holomorphic tan-
gent bundles, T 10N and T 01N = T 10N are the subbundles of TCN given by the
+i and −i eigenspaces, respectively, of the C-linear map Jx : T
C
x N → T
C
x N .
We recall that holomorphic vector fields of (N, J) coincide with complex
vector fields of N of the form X = Y − iJY for Y ∈ X(N) satisfying LY J = 0.
This condition is equivalent to say that in any system of holomorphic complex
coordinates ξ = (ζ1, . . . , ζm) : U ⊂ N → Cm, m = dimCN , the complex
vector field X = Y − iJY has the form X = X i ∂
∂ζi
with X i = X i(ζ1, . . . ζm)
holomorphic in the coordinates ζ i.
A2.1. Complex G-structures and complex g-structures
In this section G ⊂ GL(V ) , V = Cn, is a connected complex linear group
with Lie algebra Lie(G) =: g ⊂ gl(V ) and q := g + V the associated non-
homogeneous Lie algebra, with [V, V ] = 0 and [A, v] = A · v for A ∈ g and
v ∈ V . We shall treat g and V as R-vector spaces endowed with the standard
complex structures Jo : g → g and Jo : V → V . Denote by (E
o
A) and (e
o
a)
fixed choices of complex bases for g and V , respectively. Further, let g10 and
g01 = g10, respectively, be the +i and −i eigenspaces of Jo in the complexi-
fication gC = g10 + g01 of g. Recall that g10 is naturally isomorphic to g as
complex Lie algebra and that each holomorphic element X ∈ g10 has the form
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X = Y − iJoY for some Y ∈ g. We may generalise Def. A1 to the case of a
complex Lie group G as follows:
Definition A8. A complex G-structure (P, ϑ) on an n-dimensional (real)
manifold M is a principal G-bundle π : P → M equipped with a complex
soldering form ϑ : TCP → V , a V -valued C-linear 1-form, which is
i) G-equivariant (i.e. Rg∗ϑ = g
−1 · ϑ for all g ∈ G) and
ii) strictly horizontal (i.e. ker ϑu = T
vC
uP for all u ∈ P , where T
vC
uP is the
complexification of the vertical subspace T vuP ⊂ TuP ).
The main motivation for considering complex G-structures comes from the
following relation to the real ones. Let W = Rn and let H ⊂ GL(W ) be a
real form of G ⊂ GL(V ), with V = WC = Cn. A (real) H-structure (P˜ , ϑ˜),
in the classical sense with P˜ ⊂ L(M), can be considered as a reduction of the
GL(V )-bundle LC(M) of complex linear frames of TCM . Consider the unique
GL(V )-equivariant and strictly horizontal 1-form
ϑ̂ : TC(LC(M)) −→ WC = V with ϑ̂|T P˜ = ϑ˜
and the G-reduction P = P˜ · G ⊂ LC(M). The pair (P, ϑ = ϑ̂|TCP ) is a com-
plex G-structure, which we call the complexification of the H-structure (P˜ , ϑ˜).
We may therefore think of the class of complex G-structures as a natural gen-
eralisation of the principal bundles, which arise via the above complexification
procedure from real G-structures of linear frames.
In the more general case, where (P˜ , ϑ˜) is a (possibly non-trivial) covering
of an H-structure (Q˜, ϑ˜) of linear frames Q˜ ⊂ L(M), a complexification of
(P˜ , ϑ˜) is a complex G-structure (P, ϑ), with P˜ ⊂ P , which is a covering of the
complexification of (Q˜, ϑ˜).
The complexification procedure of a real G-structure allows reversal. Let
τ : V → V be a C-antilinear involution and consider the induced involutions
on gl(V ) and GL(V ):
τ(A) := τ ◦ A ◦ τ , τ(g) := τ ◦ g ◦ τ , for all A ∈ gl(V ) , g ∈ GL(V ) .
When g ⊂ gl(V ) and G ⊂ GL(V ) are preserved by τ we say that τ is g-
admissible and we denote by V τ , Gτ and gτ the τ -fixed point sets in V , G
and g, respectively. Note that in this case gτ is a real form of g (i.e. (gτ )C is
naturally isomorphic to g).
Definition A9. Let τ : V → V be a g-admissible C-antilinear involution
and (P, ϑ) a complex G-structure over M . A real form (P τ , ϑτ ) of (P, ϑ)
is a Gτ -reduction P τ ⊂ P with soldering form ϑτ = ϑ|TP τ taking values in
V τ ≃ W = Rn.
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Clearly, if (P τ , ϑτ ) is a real form of (P, ϑ), then (P, ϑ) is the complexification
of (P τ , ϑτ ).
Let (P, ϑ) be a complex G-structure and ω : TP → g a connection form on
the G-bundle P . The C-linear extension of the 1-form ωu on the complexified
tangent space TCu P , u ∈ P , determines a g
C-valued 1-form ω on TCP . We
call complex Cartan connection associated with ϑ and ω the map
κ : TCP −→ gC + V , κ := ω + ϑ . (A5)
We note that the restriction κu = κ|TCuP : T
C
u P → g
C+V is a C-linear isomor-
phism for every u ∈ P . Now, since κu is C-linear and g ⊂ g
C a real form of
gC, the inverse isomorphism κ−1u : g
C + V → TCu P is uniquely determined by
the map
αu := κ
−1
u |g+V : g+ V −→ T
C
u P .
The family of linear maps αu , u ∈ P , combine into the single map
α : g+ V −→ XC(P ) , α(X)|u := αu(X) , (A6)
which we call the complex (absolute) parallelism associated with κ. By defi-
nition, κ is completely determined by α. Further, α has, by construction, the
following properties:
i) α(X) = α(X) for all X ∈ g and α(Jov) = iα(v) for all v ∈ V .
ii) The vector fields α(X) ∈ α(g) generate the vertical distribution D :=
T vP ⊂ TP , on which the complex structure Jo on g induces the family of
complex structures J = {Ju} defined by
Ju : Du → Du , Ju α(X)|u := α(JoX)|u ; X ∈ g , u ∈ P .
The pair (D, J) is a CR structure. We denote by Y 10 := 1
2
(Y−iJY ) ∈ DC,
for Y ∈ D, the unique complex vector field satisfying JY 10 = iY 10 and
Y = Y 10 + Y 10.
iii) For X ∈ g and v ∈ V ,
[α(X), α(v)] = α(X · v) , [α(JoX), α(v)] = iα(X · v) .
iv) The complex parallelism α uniquely determines the following pair of ob-
jects:
a) the CR structure (D, J) and
b) the collection of vector fields in TCP ,
A
(α) =
(
ei = α(e
o
i ) , EA =
1
2
(α(EoA)− iα(JoE
o
A))
)
,
which, together with the vector fields EA, form a field of complex linear
frames for TCP , with the fields EA , EA taking values in D
C.
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Conversely, given a CR structure (D, J) and a collection of complex vec-
tor fields A(α), the complex parallelism α allows explicit determination. In
fact, given (D, J) and the fields (ei, EA), the family of C-antilinear involu-
tions (·) : DCu → D
C
u , u ∈ P , defined by
(A+ iJA) := A− iJuA , (A− iJA) := A+ iJuA , for A ∈ D
C
u ,
affords the construction of α as the unique C-linear map α : g+V → XC(P )
such that
α(EoA)|u = EA|u + EA|u , α(e
o
i )|u = ei|u .
Note that this means that EA = α(E
o
A)
10.
Analogously to the absolute parallelisms of real G-structures with a connec-
tion, the map (A6) is an example of a special class of maps, called complex
g-structures.
Definition A10. Let g ⊂ gl(V ), V = Cn , be a linear complex Lie algebra,
p = g + V the associated nonhomogeneous Lie algebra, with the standard
complex structure Jo : V → V , Jo : g → g. Further, let P be a real manifold
of dimension dimR g +
1
2
dimR V . A complex g-structure is an R-linear map
α : p→ XC(P ) such that, for X ∈ g , Y ∈ p and v ∈ V ,
α(X) = α(X) , α(Jov) = iα(v)
and
[α(X) , α(Y )] = α([X, Y ])
[α(JoX), α(v)] = iα(X · v) ,
(A7)
and the fields in A(α) = (ei := α(e
o
i ) , EA := α(E
o
A)
10) are C-linearly indepen-
dent at each u ∈ P . The CR structure of α is the pair (D, J), consisting of
the distribution Du = spanR{ α(X)u , X ∈ g } and the family of complex
structures Ju : Du → Du defined by
Juα(X)u := α(JoX)u .
Two complex g-structures α, α′ on P are called equivalent if there exists a
diffeomorphism ϕ of P such that α′ = ϕ∗ ◦ α, where ϕ∗ is extended to T
CP
by C-linearity.
Conditions (A7) may be reformulated as follows:
a) α|g : g → α(g) is an exact representation of (the real Lie algebra underly-
ing) g on the Lie algebra of real vector fields in TP .
b) The adjoint representation of α(g) on α(V ) is equivalent to the linear
representation of g ⊂ gl(V ) on V .
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The definitions of vertical and horizontal subbundles V,H ⊂ TCP , deter-
mined by a complex g-structure α, as well as the torsion and curvature of
α, are analogous to those for a real g-structure. The vector fields of a com-
plex g-structure in the vertical subbundle V ⊂ TCP generate, as in the real
case, a local action of the complex Lie group G, whose orbit space, locally
identifiable with the base of the principal G-bundle P → M , has real dimen-
sion dimP − dimR g =
1
2
dimR V = n . However, there is a crucial difference
between complex and real g-structures in the geometric interpretation of the
horizontal subbundle H ⊂ TCP generated by vector fields in α(V ) ⊂ XC(P ).
For any u ∈ P , we have dimRHu = dimR V = 2n. So the subbundle H ⊂ T
CP
is isomorphic to TCM and admits no natural interpretation as a real horizon-
tal distribution in TP . The curvature and torsion of a complex g-structure,
R(v, v′) and T (v, v′), thus have arguments v, v′ in V ≃ TCu M rather than in
TuM .
A2.2. Real forms of complex g-structures
Let τ : V → V , V = Cn, be a g-admissible C-antilinear involution.
Definition A11. A torsionless complex g-structure α : g + V → XC(P ) is
τ -compatible around xo ∈ P if there exists an n-dimensional submanifold
M ⊂ P containing xo, such that, at every point y ∈M , the following hold:
i) TyM is transversal to α(g
τ )|y ⊂ TyP
ii) α(v)y = α(v)y for all v ∈ V
τ
iii) α(V τ )y ⊂ TyM + α(g
τ)|y .
Proposition A12. Let α : g+V → XC(P ) be a complete, torsionless complex
g-structure and let κ = ω + ϑ : TCP → gC + V be such that α(X)|u = κ
−1
u (X)
for u ∈ P , X ∈ g+ V . The following conditions are equivalent:
a) The complex g-structure α is τ -compatible around xo ∈ P .
b) There exists a local diffeomorphism ı : U → U′ ⊂ P ′ between a neighbour-
hood U ⊂ P of xo and an open subset U
′ of the complexification P ′ of a
complete (real) Gτ -structure (P˜ , ϑ˜), such that ı∗(ω) = ω
′ is a torsionless
connection on U′ ⊂ P ′, which is the complexification of a connection on
the real form P˜ ∩ U′.
Proof. We first check that (a) implies (b). Consider a submanifold M ⊂ P
containing xo and satisfying conditions (i)-(iii) of Def. A11. By (i), M is
transversal to the orbits of the action of the real Lie group Gτ determined
by the flows of the fields in α(gτ ), where gτ = Lie(Gτ ). By (ii), (iii) and
the properties of the Lie brackets of the fields in α(gτ+V τ ), the union of the
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Gτ -orbits of the points of M , denoted by Uτ = M · Gτ , is (locally) a smooth
submanifold of P passing through xo and tangent to the fields of α(g
τ+V τ ).
In particular, the restriction to Uτ of the vector fields in α(gτ+V τ ) determines
a gτ -structure. By Prop. A7, Uτ is locally diffeomorphic to an open set in a
Gτ -structure P˜ , which we may assume, with no loss of generality, to be a
Cartesian product P˜ = M ×Gτ . By construction, the restriction of ω to the
tangent space TUτ is mapped into a torsionless connection on P˜ . Imposing
equivariance under local action of G = (Gτ )C, the local diffeomorphism be-
tween Uτ and P˜ extends to a local diffeomorphism between an open set of
the form U = Uτ ·G and an open set of the complexification P ′ ≃ M ×G of
P˜ . This proves (b). The proof that (b) implies (a) follows directly from the
definitions. 
A3. Complex G-structures, pseudo-hyperka¨hler metrics and hk-pairs
A3.1. Pseudo-hyperka¨hler metrics as Spp,q-structures
A hypercomplex structure on a 4n-dimensional real vector spaceW is a triple
(J1, J2, J3) of endomorphisms of W satisfying the multiplication relations of
the imaginary quaternions, J2α = − IdW , JαJβ = Jγ, for all cyclic permuta-
tions (α, β, γ) of (1, 2, 3). An inner product g on W is called hermitian with
respect to the hypercomplex structure (J1, J2, J3) if every Jα is skew-symmetric
with respect to g, i.e. g(Jαw,w
′) + g(w, Jαw
′) = 0 for all w,w′ ∈ W .
Definition A13. A 4n-dimensional pseudo-Riemannian manifold (M, g) of
signature (4p, 4q), with p+q = n, is called pseudo-hyperka¨hler if it is endowed
with a triple (J1, J2, J3) of global sections of End (TM) such that
i) (J1, J2, J3)x is a hypercomplex structure on TxM for every x ∈ M and gx
is hermitian with respect to it, and
ii) ∇Jα = 0 for α = 1, 2, 3, where ∇ is the Levi-Civita connection of the
metric g.
Equivalently, a 4n-dimensional pseudo-Riemannian manifold (M, g) of signa-
ture (4p, 4q) is pseudo-hyperka¨hler if and only if its holonomy algebra hol(M, g)
is a subalgebra of spp,q. This is equivalent to requiring that the Levi-Civita
connection on M preserves an Spp,q-reduction Q ⊂ Og(M) of the orthonormal
frame bundle. When g is Riemannian, (M, g) is called hyperka¨hler.
Let (M, g) be a pseudo-hyperKa¨hler manifold and ϑ the canonical soldering
form of the orthonormal frame bundle Og(M). The pair (π : Q→M , ϑ|TQ) is
an Spp,q-structure with a unique Levi-Civita (torsionless) connection ω : TQ→
spp,q. The Spp,q-structure with connection ω is uniquely associated with the
manifold (M, g), modulo principal bundles equivalences.
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Conversely (see Remark A2), every Spp,q-structure (π : Q→M,ϑ) with a
torsionless connection ω determines a pseudo-hyperka¨hler metric on M . Q
can be identified with an Spp,q-reduction of L(M). Further, every (local)
section σ : M → Q determines a field of frames (ei) on M , together with a
pseudo-Riemannian metric g of signature (4p, 4q), with respect to which the
frames (ei) are orthonormal. Since Q ⊂ L(M) is an Spp,q-bundle, it follows
that g is independent of the choice of section σ in Q, it is pointwise hermitian
with respect to a family of hypercomplex structures, (J ′i|x)i=1,2,3 , x ∈ M ,
and that the restriction of the Levi-Civita connection of Og(M) to Q is the
torsionless connection ω. Thus g is pseudo-hyperka¨hler and Q is a holonomy
reduction of Og(M). We therefore have:
Proposition A14. There exists a natural one-to-one correspondence between
pseudo-hyperka¨hler metrics g of signature (4p, 4q) on a manifold M , up to
isometries, and Spp,q-structures (π : Q→M , ϑ) possessing a torsionless con-
nection, up to principal bundle equivalences.
An Spp,q-structure (π : Q→M , ϑ) with torsionless connection can be re-
garded locally as a real form of a complex Spn(C)-structure. It can also
be considered naturally as an Spp,q-reduction of a real form of a complex
(Sp1(C)×Spn(C))-structure (π : P→M , ϑ). The reason is the following: Since
(Q, ϑ) is locally a bundle of orthonormal frames of a pseudo-hyperka¨hler man-
ifold (M, g), it can also be considered as an Spp,q-reduction of the Sp1×Spp,q-
subbundle of Spin4p,4q(M, g). Since this subbundle is a real form of its com-
plexification, the bundle Q is in turn naturally identifiable with an Spp,q-
reduction of the complex (Sp1(C)×Spn(C))-structure P .
The latter has the following geometrical interpretation. Recall that an
Sp1·Spp,q-reduction of the linear frame bundle L(M) is uniquely associated
with a (local) isomorphism TCM ≃ H ⊗M E between T
CM and the tensor
product of two complex vector bundles πH : H→M and πE : E→M , with
fibres given by standard complex representations of Sp1(C) and Spn(C), re-
spectively (see e.g. [13]). This (local) identification allows us to consider com-
plex frames for TCx M of the form (hi⊗ea)i=1,2;1≤a≤2n, where (hi) and (ea) are
complex frames for Hx and Ex, respectively, adapted to the standard sym-
plectic forms of Hx and Ex. The collection of all such complex frames is an
Sp1(C)·Spn(C)-reduction of the complex linear frame bundle L
C(M), whose
double cover is the complex (Sp1(C)×Spn(C))-structure P .
Now, by construction, the Levi-Civita connection of (M, g) uniquely cor-
responds to torsionless connections on (Q, ϑ) as well as on (P, ϑ). Since the
latter connection is an Sp1(C)×Spn(C)-equivariant extension of the former it
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follows that its curvature 2-form necessarily takes values only in spn(C). We
may now directly obtain the following:
Theorem A15. Let τ : g → g and τ : V → V be the anti-involutions of
g = sp1(C) + spn(C) and V = C
4n defined in Sect.2.4. There is a one-to-one
correspondence between the following two sets of data, up to, respectively, local
isometry and local equivalence:
i) Pseudo-hyperka¨hler metrics of signature (4p, 4q) over open subsets of W =
R4n
ii) Torsionless complex g-structures α : g+ V → XC(U) on neighbourhoods U
of the identity e = (I2, I2n, 0) in P = Sp1(C)×Spn(C)⋉W , W = V
τ , so
that
a) the curvature Ru ∈ Hom(Λ
2V, g) , u ∈ U, takes values only in the
spn(C) part of g, the sp1(C) part being trivial and
b) there exists a submanifold Û ⊂ U containing e ∈ U, tangent to the
distribution defined by
Du = α(spn(C))u + spanR{Re(X)u , X ∈ α(V
τ ) } , (A8)
of dimension dim Û = rankD, such that the map
β : spn(C) + V → X
C(Û) , β(X) := α(X)|Û , (A9)
is a complex spn(C)-structure, τ -compatible around e.
Proof. By Prop. A14, a pseudo-hyperka¨hler metric g is naturally associated,
up to local equivalences, with a unique Spp,q-structure with a torsionless con-
nection. The latter is (locally) a reduction of a real form of an Sp1(C)×Spn(C)-
structure with a torsionless connection. This real form corresponds to an asso-
ciated τ -compatible torsionless complex g-structure α (see Prop.A12). This
g-structure satisfies the conditions a) and b) by construction. Conversely,
if a) and b) hold, then α is associated, up to local equivalences, with an
Sp1(C)×Spn(C)-structure with a real form admitting an Spp,q-reduction cor-
responding to a pseudo-hyperka¨hler metric g. 
Complex g-structures corresponding to pseudo-hyperka¨hler metrics, are said
to be reducible to spp,q-structures.
A3.2. (sp1(C)+spn(C))-structures and hk-pairs
Consider a torsionless, complex sp1(C)+spn(C)-structure
α : (sp1(C) + spn(C)) + V −→ X
C(U′) , V =WC = C4n,
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on some open neighbourhood U′ of e = (I2, I2n, 0) ∈ P = Sp1(C)×Spn(C)⋉W ,
W = V τ , which is reducible to an spp,q-structure. Let Ao = (H
o
0 , H
o
±±, E
o
A, e
o
±a)
be the standard basis of p = sp1(C) + spn(C) + V (see Sect. 2). As discussed
in Sect. A2.1, α is completely determined by the set of complex vector fields
A
(α) =
(
e±a = α(e
o
±a), H0 = α(H
o
0)
10, H±± = α(H
o
±±)
10, EA = α(E
o
A)
10
)
,
which we call the frame associated with α. The Lie brackets of the fields
in A(α) are of the form (3.1)-(3.2) and it is therefore tempting to claim that
A(α) is an hk-frame. Alas, this is not so (see Def. 3.2), since the vector fields
in A(α) are not defined on an appropriate open neighbourhood U ⊂ P of e,
but rather on an open subset U′ of P , a codimension n real submanifold of
P = Sp1(C)× Spn(C)⋉ V . However, we have:
Lemma A16. When the data are real analytic and U′ is sufficiently small,
there exists an appropriate neighbourhood U ⊂ P of e , which contains U′,
on which the vector fields in A(α) admit unique holomorphic extensions.
The set A = (H0, H±±, EA, e±a) of such holomorphic extensions on U is a
central hk-frame, uniquely associated with α up to local equivalence, such that
a) the intersection (({I2} × Spn(C))⋉W )∩U is equal to a submanifold Û of
U′ as in Theorem A15 b), i.e. tangent at all points the distribution D in
(A8)
b) the pair (A,M), with M := U ∩ {I2}×{I2n}×W , is an hk-pair.
Remark A17. The distribution D can be also described as the restriction
D = D˜|U′ of the real distribution D˜ ⊂ TU, generated by an appropriate set
of real and imaginary parts of vector fields in A, namely by the real and
imaginary parts of EA, together with the vector fields Re(α(w)) , w ∈ V
τ .
Before proving the lemma, it is convenient to review the notion of (local)
holomorphic extensions of real analytic complex vector fields.
Let (N, J) be a complex manifold, dimCN = m and T
CN = T 10N ⊕ T 01N
the decomposition in holomorphic and anti-holomorphic tangent bundles. For
any chart of holomorphic complex coordinates ξ = (ζ1, . . . , ζm) : U ⊂ N → Cm
and x ∈ U, we have:
T 10x N = spanC
{
∂
∂ζ i
∣∣∣∣
x
}
, T 01x N = spanC
{
∂
∂ζ i
∣∣∣∣
x
}
.
Given an open subset V ⊂ N and standard coordinates (zi, wj) of C2m, a
complexification of V is a real analytic embedding ı : V ⊂ N → C2m, satisfying
1) ı(V) ⊂ { (zi, wi) : wi − zi = 0 } ⊂ C2m and
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2) ı∗ (T
10
x N |V) = spanC
{
∂
∂zi
∣∣
ı(z)
+ ∂
∂wi
∣∣∣
ı(z)
, 1 ≤ i ≤ m
}
for all x ∈ V.
Complexifications are easily constructed if holomorphic complex coordinates
ξ = (ζ i) on V exist. Namely, it suffices to consider the embedding
ı : V ⊂ N −→ C2m , ı(x) = (ζ1(x), . . . , ζm(x), ζ1(x), . . . , ζm(x)) .
Consider now a real analytic complex vector field on V
X = X i(ζk, ζ¯ℓ)
∂
∂ζ i
+ Xj(ζk, ζ¯ℓ)
∂
∂ζj
and identify X with the field ı∗(X) ∈ T
CC2m|ı(V) on ı(V). This vector field
immediately extends to a holomorphic vector field Xhol, defined on an open
neighbourhood W ⊂ C2m of ı(V) by setting
Xhol
∣∣
(zk,wℓ)
:= X i(zk, wℓ)
∂
∂zi
+ Xj(zk, wℓ)
∂
∂wj
, (A10)
i.e. replacing the (dependent) complex coordinates ζk and ζ¯ℓ of V by the
independent variables zk and wℓ of C2m. The resulting holomorphic vector
fields are called (local) holomorphic extensions of real analytic vector fields.
We now proceed to the missing proof:
Proof of Lemma A16. Consider the distribution D ⊂ TU′ and the submanifold
Û ⊂ U′, tangent to the distribution D, described in Theorem A15. From
(A9) and the hypotheses on the Lie brackets, it follows that U′ is foliated by
submanifolds of the form Û·g determined by images of Û under the local action
of the elements g ∈ Sp1(C)× Spn(C). By construction, all such submanifolds
are integral leaves of D, proving that the distribution D is indeed integrable.
Consider the complex distribution D10 defined by D10x = spanC{ EA|x, e+α|x }
for x ∈ U′. Recall that DCx = D
10
x +D
01
x where D
01
x := D
10
x .
For y ∈ U′, we denote by Fy the integral leaf of D passing through y. Since
the fields (EA +EA)|Fy generate a Lie algebra of real vector fields isomorphic
to spn(C), they determine a local right action of Spn(C) on Fy. Moreover, the
complementary subbundles D10|Fy , D
01|Fy of T
CFy are involutive and Spn(C)-
invariant. Therefore, there exists a unique Spn(C)-invariant integrable com-
plex structure Jy on Fy, which has the subbundles D
10|Fy , D
01|Fy as associated
holomorphic and anti-holomorphic distributions. By Spn(C)-invariance, such
a complex structure Jy naturally projects onto a complex structure J˜y on the
quotient F˜y = Fy/Spn(C). We may identify the pair (F˜y, J˜y), without loss of
generality, with an open neighbourhood F˜y of 0 in (C
2n)τ ≃ R4n, endowed
with an appropriate complex structure J˜y.
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If U′ ⊂ P is sufficiently small we may always assume that the following
conditions are satisfied:
a) All integral leaves ofD are transversal to the orbits of the local right action
of Sp1(C) generated by real vector fields in
spanR{Re(H0), Im(H0),Re(H±±), Im(H±±)} ≃ sp1(C) .
b) The quotients F˜y = Fy/Spn(C) ⊂ C
2n are all diffeomorphic to a fixed
suitable open subset F˜ of (C4n)τ ≃ R4n. Thus, F˜ ⊂ R4n is equipped with
a family integrable complex structures {J˜y , y ∈ U
′ }, these being the
push-forwards of the complex structures of the leaves F˜y , y ∈ U
′.
c) Any leaf Fy admits a holomorphic trivialisation
ϕy : (Fy , Jy) → (Spn(C)× F˜ , Jo + J˜y) ,
where Jo is the standard complex structure of Spn(C).
d) For all y ∈ U′, the complex manifold (F˜, J˜y) ⊂ (R
4n, J˜y) ≃ C
2n admits a
complexification ıy : F˜→ V = C
4n, which together with the trivialisation
ϕy, determines a real analytic Spn(C)-equivariant embedding
ıy : Fy → ({I2} × Spn(C))⋉ V , y 7→ (I2, I2n, z
i(y)) ∈ P .
Using this embedding, the vector fields (EA, e±a)|Fy extend holomorphi-
cally to an open neighbourhood Uy ⊂ ({I2}×Spn(C))⋉V of ı(Fy). We
may choose the map ıy so that ı∗(EA) = E
o
A.
e) Given a submanifold M ⊂ Û satisfying the conditions of Def. A11, the
maps ıy , y ∈ M , combine to determine an Sp1(C)×Spn(C)-equivariant
real analytic embedding of U′ into an appropriate open neighbourhood U
of e ∈ P,
ı : U′ =
⋃
y∈M ·Sp1(C)
Fy −→ U ⊂ P = (Sp1(C)× Spn(C))⋉ V . (A11)
This embedding can be constructed to map the points y ∈M into points of
Mo = {I2}×{I2n}×(C
4n)τ and the complex vector fields H0 , H±± , EA , e±a
of U′ into complex vector fields of ı(U′) ⊂ U, which extend holomorphically
to all of U. The equivariant embedding ı can also be constructed so that
the holomorphic extensions of ı∗(H0), ı∗(H±±), ı∗(EA) are H
o
0 , H
o
±±, E
o
A, re-
spectively.
By construction, the pair (A,M = Mo), formed by the collection A of the
above holomorphic extensions of the vector fields in A(α) and the manifold
Mo = ı(M) is a central hk-pair and it is uniquely determined by α up to local
equivalences. 
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By Theorem A15 and Lemma A16, we may associate an hk-pair (A,M)
with every real analytic pseudo-hyperka¨hler manifold (M, g). In the next sec-
tion, we show that, up to local equivalences, this correspondence is invertible,
providing a bijection between local isometry classes of real analytic pseudo-
hyperka¨hler manifolds and local equivalence classes of hk-pairs.
A4. Inverse map between hk-pairs and pseudo-hyperka¨hler metrics
Consider the pseudo-hyperka¨hler metric g determined by an hk-pair (A,M)
and a section σ : M → U(Spp,q) (see Sect. 4.2). We now prove that g is uniquely
associated with (A,M).
Lemma A18. The metric (4.6), constructed from an hk-pair (A,M) of sig-
nature (4p, 4q) on an appropriate open subset U ⊂ P, is independent of the
choice of section σ : M → U(Spp,q) and is a real analytic pseudo-hyperka¨hler
metric of signature (4p, 4q).
Proof. Let α : g+ V → XC(U ∩ P ) be the R-linear map defined by
α(X) = Re(αA(X))
∣∣
U∩P
, α(v) = αA(v)
∣∣
U∩P
forX ∈ g and v ∈ V = C4n, where αA is the absolute hk-parallelism associated
with A (see Sect. 3). By construction and the assumptions onM , the map α is
a τ -compatible, complex Sp1(C)×Spn(C)-structure on U∩P . From the proof
of Prop. A12, it follows that M · (Sp1(C) × Sp2n(C)) ⊂ U is an open subset
of the complexification of an Sp1 × Spp,q-structure P˜ over (an open subset of)
M and that the set U(Spp,q) =M · Spp,q, defined in (4.3), is an Spp,q-reduction
of an Sp1 × Spp,q-invariant open subset of such Sp1 × Spp,q-structure.
The conditions on the curvature imply that P˜ can be identified with a double
covering of an Sp1 · Spp,q-reduction of L(M), admitting a further reduction to
an Spp,q-bundle Q ⊂ L(M). Thus the set U
Spp,q is identifiable with an Spp,q-
invariant open subset of Q. As explained in Sect. A3.1, we therefore have
that:
i) The bundles πQ : Q → M and πP˜ : P˜ → M are formed by linear frames
which are orthonormal with respect to a pseudo-Riemannian metric g and
pointwise hermitian with respect to a family of hypercomplex structures
(Ji|x)i=1,2,3 , x ∈M .
ii) The fields eτI = α
A
(R)(e
oτ
I ) are identifiable with (local) vector fields on Q,
horizontal with respect to the Levi-Civita connection of g and ϑ(eτI ) = e
oτ
I .
It follows that g is pseudo-hyperka¨hler and that the frame fields e
(σ)
I = π∗(e
τ
I )
are orthonormal with respect to g regardless of the choice of the local section
σ : M → U(Spp,q). 
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We are finally in a position to prove the result quoted in Sect. 4.2.
Theorem A19. Every real analytic pseudo-hyperka¨hler manifold of signature
(4p, 4q) is locally isometric to a pseudo-hyperka¨hler manifold (M, g) corre-
sponding to an hk-pair of signature (4p, 4q), with metric given by eq. (4.6).
Proof. By the proof of Theorem A15, every pseudo-hyperka¨hler metric g of sig-
nature (4p, 4q) on an open subset M ⊂ R4n determines a bundle π : P → M ,
the complexification of (a double covering of) an Sp1·Spp,q-bundle (P˜ , ϑ˜) of
orthonormal frames of (M, g). The Levi-Civita connection and the solder-
ing form of P˜ determine a complex sp1(C)×spn(C)-structure on P , which is
reducible to an spp,q-structure. This sp1(C)×spn(C)-structure is uniquely as-
sociated (see Sect. 4.3) with an hk-pair (A,M ′), where A is a central hk-frame
on an appropriate open subset U ⊂ P and M ′ = U ∩Mo.
The claim is proved if we can show that the pseudo-hyperka¨hler metric g on
M ⊂ R4n coincides (modulo identifications) with the metric on M ′ ≃ M , as-
sociated with the hk-pair (A,M ′), i.e. the metric defined in eq. (4.6). For this,
it suffices to observe that, by construction, the real submanifold U(Spp,q) =
M ′·Spp,q of U considered in (4.3) coincides with the bundle of orthonormal
frames P˜ over M(≃ M ′), so that the vector fields eτI |U(Spp,q) = α
A
(R)(e
oτ
I )|U(Spp,q)
are horizontal with respect to the Levi-Civita connection and satisfy the equa-
tion ϑu(e
τ
a) = e
oτ
a ∈ V
τ for any u ∈ P˜ . Hence, the projections of the vectors
ϑx(e
τ
a)|u onto the points
x = π(u) ∈M ′ = Uτ/Sp1 × Spp,q ≃ P˜ /Sp1·Spp,q = M
constitute g-orthonormal frames and the metric (4.6) is necessarily equal to
the metric g. 
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